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ARTICLES

The Towers and Triangles of Professor Claus
(or, Pascal Knows Hanoi)

DAVID G. POOLE

Trent University
Peterborough, Ontario, Canada K9) 7B8

Introduction

It is a tribute to its inventor that, more than a century after its introduction, the
famous Tower of Hanoi puzzle still holds some challenges and surprises for puzzle
enthusiasts, mathematicians, and computer scientists. The first version was produced
in Paris in 1883 by a certain “Professor Claus.” It consisted of three wooden pegs
affixed to a base and a tower of eight disks of different diameters on one of the pegs,
no disk resting on a smaller one. The object of the puzzle is to transfer the tower to a
different peg, moving one topmost disk at a time in such a way that no disk is ever
placed on a smaller one.

FIGURE 1
The Tower of Hanoi

In 1884, it was revealed by de Parville [13] that “Claus” was an anagrammatic
pseudonym for “Lucas”—Edouard Lucas, a well-known number theorist [44] who
had a keen interest in recreational mathematics [43]. The popularity of the puzzle was
no doubt enhanced by de Parville’s account of the mythical Tower of Brahma on
which, it was claimed, the Tower of Hanoi'! was based. In this version, we find three
diamond needles, a tower of 64 golden disks, and a group of Brahmin monks
attempting to transfer the tower according to the rules given above. We are told that

The Tower of Brahma is without doubt just a colourful legend, but the Tower of Hanoi is real in more
ways than one. Although introduced as a puzzle in Paris, the object we know as the “Tower of Hanoi”
exists as an ancient relic on the grounds of a Buddist shrine near Hanoi [32). One can only conjecture about
the connection between this artifact and Lucas’ puzzle.

323
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once the monks complete their task the world will end in a thunderclap. This
apocryphal (and apocalyptic!) tale was recounted in English by Rouse Ball [4] and
later by Gardner [28].

The first solution to the Tower of Hanoi puzzle published in the mathematical
literature appeared in 1884 in an article by Allardice and Fraser [2]. In fact, if we
formulate a mathematical abstraction of the problem to a tower of n disks, it is not
difficult to determine the number of moves required to transfer the tower from one
peg to another. This problem frequently appears as an elementary exercise in discrete
mathematics textbooks; see, for example, [30] or [47]. If we let h, denote the number
of moves required to transfer a tower of n disks, it is easy to see that we first move
the top n — 1 disks from the initial peg to an intermediate peg, then the largest disk
to the target peg, and finally the n — 1 disks from the intermediate peg to the target
peg, giving us the recurrence relation

h,=2h, ,+1 (1)

with initial condition h; =1 (or h, = 0). By solving the recurrence (1) directly or by
an easy application of mathematical induction we find the well-known solution

h,=2"—1. (2)

(Thus, even if the Brahmins could move one disk per second, we would have hg,
exceeding five billion centuries; presumably, the world is safe for a while yet!) It is
interesting to note that although it is implicit in the problem that h, should be the
minimum number of moves required, there is nothing in the solution given above to
establish that 2" —1 is indeed optimal. In fact, this was not published until
1981—perhaps no one thought it necessary until then—when Wood [64] showed that
(2) is the optimal solution to the problem and that the optimal sequence of moves is
unique.

Over the years, there have been many different solutions to and observations about
the Tower of Hanoi problem. It was noted by Crowe [9] that solving the problem is
equivalent to finding a Hamiltonian path on the n-cube and it was probably known to
Lucas himself that the sequence of disk moves can be determined using what is now
called a binary Gray code (see [28, Chapter 6] and [29, Chapter 2]). For more on the
history of the Tower of Hanoi and solution techniques, see the articles by Gardner
[28] and Dewdney [14] and the introduction to the paper by Hinz [33].

In recent years there has been a resurgence of interest in the Tower of Hanoi in
the computer science literature. Much of this interest revolves around a lively debate
over the relative merits of iterative versus recursive algorithms for solving the
problem ([7], [11], [14], [15, Chapter 51], [17], [31], [38], [61]). Computer science
textbooks frequently include the Tower of Hanoi as an exercise in comparative
programming methodologies ([1], [37].

It is hard to see how such a simple problem with a complete and well-known
solution could possibly hold anything more for us. But as we shall see, Professor
“Claus,” perhaps unintentionally, built so much into his little puzzle that the solution
(2) given above is just the beginning of the story.

In this paper, we will take yet another approach to the Tower of Hanoi problem,
providing an essentially algebraic method for solving the classical Tower of Hanoi
problem and several of its variants. Using only elementary ideas from graph theory,
linear algebra, number theory, and group theory, we will establish a correspondence
between configurations of disks arising in the Tower of Hanoi puzzle and the odd
binomial coefficients, viewed as entries in Pascal’s triangle. We will then exploit this
correspondence to solve a variety of Tower of Hanoi problems.
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The Hanoi graph

The first time someone is confronted with the Tower of Hanoi puzzle, it is quite likely
that he or she will make an error in moving the disks, the result being that the tower
is transferred to the target peg in a number of moves that is not minimal. Considera-
tion of this situation raises a number of interesting questions: Which configurations of
disks can be obtained from the initial configuration via a sequence of legal moves? Is
there an efficient way to recognize whether a given configuration occurs in a minimal
move sequence from the initial to the target configurations? Is there an algorithm that
will determine a minimal move sequence needed to move from an arbitrary legal
configuration of disks to a single tower on a specified peg or to another legal
configuration? The notion of error detection and correction has been considered by
Walsh [61] and Scarioni and Speranza [53]. The problem involving an arbitrary initial
configuration has been called the generalized Tower of Hanoi problem and has been
considered by Er in [18]-[20].

These problems are essentially the same and are most easily dealt with by first
setting up an appropriate mathematical framework within which we can analyze a
variety of Tower of Hanoi problems. To begin, we label the pegs 0, 1, and 2 and label
the n disks from smallest to largest 0,1,...,n — 1. A configuration of disks is called
legal if no disk is on top of a smaller one. Then observe that a legal configuration of
disks corresponds to an n-bit ternary string a,_, ‘- a,a, where a;€{0,1,2} and
a;=j if disk i lies on peg j. (Note that the largest disk corresponds to the leftmost
bit.) Since any set of disks can be placed on a peg in exactly one way and since there
are 3" such ternary strings, there are also 3" legal configurations on n disks in the
Tower of Hanoi problem. (The set of all n-bit ternary strings forms a vector space, V,,
over Z, with scalar multiplication and bit-wise addition modulo 3. We will exploit the
structure of this n-dimensional vector space via its canonical isomorphism with Z}.)

We now define a graph H, whose vertices, labelled by n-bit ternary strings,
correspond to legal configurations in the Tower of Hanoi on n disks and where two
vertices are adjacent if one can be obtained from the other by a legal move. This
graph, introduced in [54], is sometimes called a state-space graph and has been
mentioned but not fully exploited by several authors (see, for example, [12], [19], [33],
and [56]). Following Lu [39], we will refer to these graphs—one for each positive
integer n—as Hanoi graphs.
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FIGURE 2
The Hanoi graph H,
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Before discussing some of the properties of the Hanoi graph H, we need to
establish some notation and conventions. To avoid unnecessarily cluttered notation
we will identify a vertex with its label. The constant strings 00 ---0, 11 -1, and
22 - -+ 2 with k identical bits will be denoted 0, 1, and 2, respectively; if k =n we
will simply write 0, 1, and 2 and we will refer to the corresponding vertices as corner
vertices. (These vertices correspond to perfect Tower of Hanoi configurations: All of
the disks are on a single peg.) It will sometimes be convenient to drop the leading
zeros of a string so that, for example, 00012 will also be written simply as 12 if it is
understood that n=5. For i €{0,1,2}, [i] denotes the set of all vertices/strings
whose leading bit is i; that is, the set of all vertices whose corresponding Tower of
Hanoi configuration has the largest disk on peg i. We will refer to [0], [1], and [2] as
the blocks of H, and let us establish the convention that we will draw these blocks
clockwise as in Ficure 1.

Now each block of H, is clearly isomorphic to H,_, and there is exactly one edge
between distinct blocks; for example, the unique edge connecting [1] and [2] is
between 10, _, and 20, _,. This corresponds to the fact that the only way to move the
largest disk is for all of the smaller disks to be on another peg. This observation shows
that H, can be recursively constructed and allows us to establish many of its
properties by elementary mathematical induction. Let us begin by recording some of
the properties of the unlabelled version of these graphs. (Recall that a graph is
biconnected if there are at least two distinct paths between any two distinct vertices.
The diameter of a graph is the maximum distance between two vertices.)

ProrositioN.  For all positive integers n, H,, is a planar, biconnected, Hamiltonian
graph of order 3" and diameter 2" — 1 with exactly 3 vertices of degree 2 and all
other vertices of degree 3.

The proofs of most of these properties follow from the remarks above using
mathematical induction and we leave the details as exercises. Note that the diameter
of H, is equal to the maximum number of moves in a minimal move sequence
between any two legal Tower of Hanoi configurations with n disks. That this upper
bound is 2" — 1 is proved in [33, Theorem 1] and stated (but proved incorrectly) in
[65, Theorem 3]; (2) shows that the bound is sharp and hence is the diameter of H,,.
Later we will discuss in more detail the problem of finding the distance between an
arbitrary pair of vertices of H,.

To see that H, is Hamiltonian, we require the following lemma.

Lemma 0. For all positive integers n, there exists a Hamiltonian path in H, between
any pair of distinct corner vertices.

Proof. Without loss of generality, we may assume that the vertices are 0 and 1. For
n =1, the result is trivial. Assuming the result to hold for H,_,, we consider H,.
Since each block of H, is a copy of H,_,, by induction we can find Hamiltonian
paths from 0 =00,_,to01,_,in[0],21,_,t020,_, in[2]and 10, _,to 11,_, =11in
[1]. Splicing these three paths together, we obtain the desired Hamiltonian path in
H,. (See Ficure 3.) :

The proof that H, is in fact Hamiltonian is analogous: By the lemma we can
construct Hamiltonian paths from 01,_, to 02,,_, in [0], 12, _; to 10,_, in [1], and
20,_, to 21,_, in [2], and then splice these together to get a Hamiltonian cycle in
H,. This property has also been noted in [12] and in [39] where, in addition, it is
shown that the Hamiltonian cycle in H, is unique up to the direction of traversal.
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Automorphisms and symmetry

The Hanoi graph H, clearly possesses a high degree of symmetry both as a graph and
(as we have drawn it) a geometric object. We can describe this explicitly in terms of
the labelled vertices of the graph.

The automorphisms of H, are the adjacency-preserving bijections of the graph onto
itself. It is easy to see that such a mapping is completely determined by its action on
the vertices 0 and 1 =0, _,1. Since there are three possible images of 0, namely 0, 1,
and 2, and for each of these two possible images of 1, we see that there are six distinct
automorphisms of H,. Defining R by R(0) =1, R(0,_,1)=1,_,2and F by F(0) =0,
F(1) = 2, it can easily be checked that FR # RF. Thus A(H,), the group of automor-
phisms of H,, is nonabelian and so A(H,) = Dy, the dihedral group of order 6.

If we imagine H, to be a plane figure, drawn on an equilateral triangular grid, then
Dy acts on H, as its group of symmetries with R a rotation and F a reflection.
Explicitly, if x is a vertex of H, and we identify x with its label, we find that
R(x)=1+x and F(x)=2x. (All operations are bitwise modulo 3 or, equivalently,
vector operations over Z,.) Note that, in terms of configurations in the Tower of
Hanoi, R corresponds to a cyclic relabelling of the three pegs while F corresponds to
interchanging the labels on the target and intermediate pegs.

The Hanoi graph exhibits a type of “partial symmetry” that will be of use to us as
well: translational symmetry on the blocks. Since each block of H, is a copy of H,_,,
we may map a block onto any other block via translation. Clockwise translation is
obtained by the mapping T(x) =x + 12, _, while the inverse mapping T~ '(x) =x +
21,_, gives anticlockwise translation. We will prove that T (and hence T~!) is
adjacency-preserving on the blocks in Lemma 2 below.

So we now have a tool for representing Tower of Hanoi problems. But how can we
use Hanoi graphs to solve, as well as visualize, these problems?

The Lucas Correspondence

As n becomes large, Stewart ([55], [56]) has observed that H, becomes a fractal with
a striking resemblance to the Sierpifiski gasket [46] and Pascal’s triangle modulo 2
([59], [63]), all of which have fractal dimension log, 3 [63]. Let us define another
family of graphs as follows: P, is the graph whose vertices correspond to the odd
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)
cency (horizontal or diagonal) in Pascal’s triangle. Label the vertices with ordered
pairs: (r, k) is a vertex if (,:) =1 (mod 2). (See Ficure 4.)

P, is constructed recursively from three copies of P,_, (cf. [59]) that we will call
the blocks of P,. Formally, the three blocks are the subgraphs of P, induced by the
following sets of vertices: {(r,k)|0 <r<2"" L 0<k<r}, {(r,k)|2" L <r<2n 27!
<k<r}, and {(r,k)I2" ' <r <2", 0 <k <r—2""'}. By analogy with H,, we will
denote these three blocks by [0], [1], and [2], respectively; although we are using the
same notation for the blocks of both graphs, the intended one will usually be clear
from context.

binomial coefficients (’) 0<r<2" 0<k <r with adjacency determined by adja-
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FIGURE 4

We can also define a translation mapping T on the blocks of P,. The mapping
translates a vertex to the corresponding vertex in the next block in a clockwise
direction. It is defined by

(r+2" Lk+2"Y) if(r,k)€[0]
T((r, k) ={(r,k—2""1) if (r, k) €[1] (3)
(r—2""1k) if (r, k) € [2].

It is easy to check that the action of T is as described, that T has an inverse given by
T-1=172 and that T is adjacency-preserving; we leave the details as an exercise.

From the graphs of H, and P, for small values of n and the fact that, for all
positive integers n, H, and P, have 3" vertices [49], it is tempting to conjecture that
H, and P, are isomorphic as graphs. This is indeed the case, as we shall soon prove,
but first we need some notation.

For i>0, let a; denote the ternary string 12, so that {a;li > 0} =
{1,12,122,1222,...}. For a fixed positive integer n, set B, =2""'a; (mod3) and
B =1{B,10 <i <n}. Thus

{1,21,122,...,21---1}, neven
p= (2,12,211,...,21 -1}, n odd.

Note that B is a basis for the vector space V,.
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We now define mappings p and § from V, into {0, 1,2,...,2" — 1} and a mapping
A: V, > V,. By identifying a vertex of H, with its label in V,, we may take these
mappings to be mappings of V(H,), the vertex set of H,. Technically, we should
write p,, A,, and 8, but we will omit the subscripts as this is unlikely to cause
confusion.

Leta=a,_B,_1t " ta;B,+a,By a; EZ, Define

n’

p(a)=da%_2" 1+ -+ +a22+ a2
n—1 1 0

Observe that, modulo 3, a? = 0 if, and only if, @, = 0 and otherwise a? = 1; hence the
effect of p is to replace ternary strings by binary strings (1 and 2 by 1, 12 and 21 by
10, 122 and 211 by 100, and so on) and then evaluate the result as a decimal integer.
Mnemonically, p(a) gives the row number of the vertex a in H, as measured from
row 0 containing the corner vertex 0.

Define

A(a) =a%&—lﬁn—l+ +a%ﬁ1+aﬁfﬂo.

Observe that A(a) returns the lefimost vertex in the row containing a.

Now define 8(a) = p(a — A(a)) where the subtraction, by convention, is performed
in V. If we superimpose H, on a triangular grid, 8(a) represents the displacement of
a from the leftmost vertex in its row.

Finally we define ¢(a) = (p(a), 8(a)). We are going to prove that ¢ is a bijective,
adjacency-preserving mapping from H, onto P,; in other words, we will establish the
following:

TueoreM. For all positive integers n, ¢: H, — P, is a graph isomorphism.

We will refer to ¢ (together with its inverse) as the Lucas Correspondence. Our
proof of this result involves a happy coincidence: To deal with P,, we will make use
of Lucas’ Theorem on binomial coefficients modulo a prime [42] while the graph H,
comes to us via Lucas’ alter ego, “Professor Claus.”

LemMma 1 (Lucas’ Theorem). Let p be a prime and let
Pt rp e (0Sr,<p),
k=k,p"+ - kipt+tky, (0<k;<p).

Then

(k)En(k) (mod p).

For a short proof of this result, see Fine’s note [26].
In our setting, we are only interested in the case p = 2 so that r,, k; €{0, 1} for all
i. As an immediate consequence, we see that (;) =1 (mod 2) if, and only if, k, <r,

for all i. Thus we have the well-known result that, for a fixed r, the number of odd

r

is equal to 2% where b(r) is the number of ones in the
k

binomial coefficients (
binary expansion of r.
We require three additional lemmas. Recall that T is the mapping that translates

vertices of H, one block in the clockwise direction.
LemMma 2. T is adjacency-preserving on the blocks.

Proof. To see this, let a=a,_, "' aja,€V(H,). Now the leading bit a,_,
corresponds to the largest disk and determines the block to which a belongs. Since
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T(a)=a+12,_,, T acts as the rotation R~! on a,_, - ** a,a,. But R™! is adja-
cency-preserving on H,_, and, within a block in H,, adjacent vertices have the same
leading bit. (In terms of Tower of Hanoi configurations, T moves the largest disk one
peg clockwise and all other disks one peg counterclockwise. So one configuration can
be obtained from another by moving a single disk, other than the largest one, if, and
only if, the same is true of the configurations that result from applying T.) Hence T is
adjacency-preserving on the blocks.

Let us define a mapping o: H, = P, to be block-preserving if for all i €{0, 1,2},
a €[i]in H, if, and only if, o(a) €[i] in P,.

Lemma 3. ¢ is block-preserving.
Proof. Let a =X} ga,B; € V(H,).
Case 0. a (0] if, and only if, a,_, = 0 in which case

n—1
p(a)y= ) a?2i<1+2+42%+ - 42" 2=2"" 1],
i=0

and so by definition ¢(a) = (p(a), 8(a)) € [0].

Case 1. a €[1] if, and only if, a,_; =2 whence 2"~ ! <p(a) < 2" — 1. We also
have A(a),_,=22=1 and so (¢ —A(a)),_,=2—-1=1. It follows that &§(a)=
p(a —A(a)) = 2" ! and therefore ¢(a) €[1].

Case 2. a €[2] if, and only if, @, _, = 1 and so again we have 2" ! < p(a) < 2" — 1.
However, here A(a),_;=1%>=1 and so (a — A(a)),_, = 0. Thus §(a) = p(a — A\(a))
< 2" ! and therefore ¢(a) €[2].

The three converse implications follow immediately.

This result will be considerably strengthened in our main theorem where we will
prove that ¢ is in fact adjacency-preserving. The next lemma shows that the Lucas
correspondence ¢ is compatible with the translation mappings T and T of H, and
P, respectively. The formal definition of T was given in (3).

LEMMa 4. cp°T=f°go.

Proof. Let a=Y!_ga,B,€V(H,)), a,€Z,, and suppose a €[0]. Then by Lem-
ma 3, ¢(a) €[0] in P, and we have

T oq;(a) = f((p(a),@(a)))
= ((p(a) +2"7",8(a) +2"71)).

On the other hand, a,_,=0s0 a+12,_,=a+2B,_,=L'_2a,B,+2B,_,. Hence

n—1 n—2
pla+12,_ )= Y a22'= Y a?2'+2" '=p(a) +2" L
i=0 i=0
We also have
n—1 n—2
/\(a+]‘2n—l)= Za?ﬁi= Za;‘zﬁi+ﬁn—l=)‘(a)+ﬁn—l
i=0 i=0

so that
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8(a+12, 1) =p((a+12,;) —A(a+12, ,))
=p(a+2B,.,—(A(a) +B,_1))
=p(a—A(a) +B,-,)
=p(a—2A(a)) + 2" (as above)
=58(a) +2"7 L

Therefore
@oT(a)=¢(a+12, )
=(p(a+12,_,),8(a+12,}))
=((p(a) +2"71,8(a) +2"71))
=T ¢(a).
The cases for a €[1] or [2] are handled similarly.

Proof of the theorem. Let B be the basis of V, determined above, let a € V(H,), and
write a=a,_1B,_1+ " +a;B; +a,By a;€Z;. We first must show that we
indeed have ¢(a) € V(P)).

Now from the definition of A we have

0 0
Ma);=ai={1 ifa,={1 (4)
1 2
whence
0 0
(a=A(a));=a;,—Ma);={0 ifa,={1 . (5)
1 2
Now
p(a) =a?_ 2" '+ -+ +a22 +al
and

2

8(a) =p(a—A(a))=(a,_,— a%_1)22"'1 + 0 +(a - a%)22 + (ag—a})
so that, by Lucas’ Theorem, we have
2
p(a)) _ "= a;
= , | (mod2
(3(")) il:!)((a,.—a%)z)( )
=1 (mod 2)

using (4) and (5). Thus ¢(a) = (p(a), 8(a)) € V(P,) as required.

To show that ¢ is 1 — 1, suppose that a,b € V(H,), a #b. Let a = L'_Ja,B; and
b=Xr-4b,B;. If p(a) # p(b) then ¢(a) # ¢(b) and we are done. Suppose therefore
that p(a) = p(b). Then

n—1 n—1
Y ai2i= ) b2
i=0 i=0

or, in terms of the binary representations of p(a) and p(b),

(a21 - atad) = (b3, - b3b3)
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It follows that a?=5b? for 0 <i <n— 1. Therefore, for each i either a,=b, or
=2b, in Z. Since a # b, there exists some j such that a; # b,. So, 1nterchang1ng a
and b 1f necessary, we may assume that a;=1and b;=2. Now Ma);=a3=1 and
Mb),=b2=1 so (a—Aa)),—a,—a?=0 while (b—A(b)),=b,~b?=1. But
(a-— )t(a))2 0and (b — )t(b))2 — T are Jl.lSt the jth bits in the bmary representatlons
of 8(a) and o8(b), respectlvely Therefore 8(a) # 8(b) and consequently ¢(a) # ¢(b).
Hence ¢ is one-to-one.
The fact that ¢ is onto is an immediate consequence of the fact that |V(H,)| =
[V(P,)| = 3", which we noted above. However, we can easily give a direct proof that
¢ is onto and thereby obtain this equality of cardinalities as a corollary.

To this end, let (r, k) € P, (that is, ( )— 1 (mod 2)) and write

n—1 n—1

r= Yy r2, k=) k2

i=0 i=0

where 7, k,€{0,1} for 0 <i <n — 1 and, by Lucas” Theorem,
T
k= 1(mod2),0<i<n-—1.
For a nonnegative integer m with binary representation m, - - - m;m, define

¢
(m) = Y m,B;.
i=0
Set
n—1

=(r) +7(k) = L (r, +k)B,

i=0

where, as usual, we perform the additions bitwise modulo 3.
We claim that ¢(a) = (r, k). First observe that, by Lucas’ Theorem,

L 0 ifr,=0
P loorl ifr,=1
so that
N 43 0 ifr,=0
a;= (i +k;) (mod3) = lor2 ifr,=1
and thus
, |0 ifr,=0
T =1 T
Therefore
n—1
p(a) = 2022’= Y r2i=r.
i=0
Next observe that
' n—1 n—1

Aa) = Z a?ﬁi = Z riB;=7(r)

i=0 i=0
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so that, using the definition of a,

p(a=a(a)) =p(a=7(r)) =p(s(k)) =k,

where the last equality follows from the observation that the composition p o 7 is the
identity mapping on {0,1,2,...,2" — 1}. Putting all of this together, we see that

¢(a) = (p(a),8(a)) = (p(a),p(a—2A(a))) = (r,k)

as claimed. Hence ¢ is onto.

Finally, we must prove that ¢ is adjacency-preserving; that is, a is adjacent
to b in H, if, and only if, ¢(a) is adjacent to ¢(b) in P,. We will use induction on n.
For n=1 the result is clear. Assume the result for n <m and consider the case
n=m.

Let a be adjacent to b in H,,. If a and b lie in the same block then they are
adjacent vertices in an isomorphic copy of H, _,. More precisely, we have T'(a)
adjacent to T(b) for some i €{0,1,2}. By the induction hypothesis, ¢(T(a)) is
adjacent to o(T'(b))in P, _ - But by Lemma 4, this implies that Ti(p(a)) is adjacent
to Ti(¢(b)) which, since T is adjacency-preserving, in turn implies that ¢(a) is
adjacent to ¢(b).

If a and b lie in distinct blocks but are adjacent, there are only three possibilities:
{a, b} is {01,,_,,21,,_,}, {02,,_1,12,,_,} or {10,,_,,20,,_,}. But it is straightforward
to check that then {¢(a), @(b)} is {€™ !—1,0),e™ 1 0)}, {™'-12""!-
1),@m L 2m 1} or {(2™—1,2m" 1 —1),(2™ — 1,2™ 1)}, respectively. Clearly ¢(a)
and ¢@(b) are adjacent in each case.

Now suppose a and b are not adjacent. If they lie in the same block then, by an
inductive argument similar to that used above, ¢(a) and ¢(b) are not adjacent. On
the other hand, if a and b lie in distinct blocks of H,,, then ¢(a) and ¢(b) lie in
distinct blocks of P,, by Lemma 3. Since ¢ is one-to-one, {¢(a), ¢(b)} cannot be any
of the three pairs corresponding to edges between blocks. Hence ¢(a) and ¢(b) are
not adjacent in this case either.

This completes the proof of the theorem.

We should note at this point that if one simply wishes to know that H, and P, are
isomorphic, this can easily be established by induction; we leave this as an exercise or
refer the interested reader to [35]. However, to be able to solve problems related to
the Tower of Hanoi we need to know the Lucas Correspondence explicitly and hence
we have elected to give a constructive proof of the main theorem.

The Lucas Correspondence allows us to pass information between H, and P,.
Some immediate consequences are summarized in the next two corollaries while in
the next section we look at a variety of Tower of Hanoi problems.

Cororrary 1. For all positive integers n, |V(P,)| = 3".

(It is an amusing coincidence that the preceding corollary was posed as Problem
1222 in this Macazine [58] and 1222 appears as one of the elements of the basis B in
our description of the Lucas Correspondence.)

Cororrary 2. The number of legal Tower of Hanoi configurations whose distance
from a perfect state is r is 2" where b(r) is the number of ones in the binary
expansion of .

Proof. This follows immediately from the comments after Lucas’ Theorem and from
symmetry. (See also Problem 1 in the next section.)
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In [61], Walsh gave an elementary method for detecting errors in a move sequence
for the standard Tower of Hanoi problem (that is, transferring disks from one perfect
configuration to another). In other words, we would like to be able to determine, by
inspection, whether a given configuration occurs in the unique minimal move
sequence between perfect configurations. This is just the problem of determining
whether a given vertex occurs on the “boundary” of H,. Using the Lucas Correspon-
dence, this is almost a triviality.

Corovrrary 3. In H,, vertex a occurs on the shortest path between 0 and 2, 0 and
1, or 1 and 2 if, and only if, 8(a) =0, 8(a) =p(a), or p(a) =2" — 1, respectively.

Solving Tower of Hanoi problems

A great many Tower of Hanoi problems are simply shortest-path problems for the
graph H,. Many of these can be handled efficiently using the Lucas Correspondence.
We can also exploit the symmetry of the Hanoi graphs and we have a formal
mechanism for doing so. In the problems that follow, if a and b are vertices of a
graph G, d(a, b) will denote the distance from a to b (that is, the length of a shortest
path from a to b in G).

ProBLEM 1. The generalized Tower of Hanoi problem.

This is the rubric used by Er [20] to refer to the problem of finding the minimum
number of moves required to transfer the disks from an arbitrary legal configuration
to a single peg using the standard rules. In our model, this translates into the prob-
lem of finding the distances d(a,0), d(a, 1), and/or d(a, 2) given an arbitrary vertex
aof H,.

Now an easy induction shows that, in P,, every vertex other than (0,0) is adjacent
to a vertex in the row above. It follows that the distance to (0,0) from any vertex in
row r is r. So, using the Lucas Correspondence, we see that

d(a,0) =p(a)
for any vertex a of H, and, using symmetry,
d(a,1) =d(a+2,0)=p(a+2)andd(a,2) =d(a+1,0)=p(a+1).

We can also obtain the corresponding shortest path in each case (that is, the
sequence of intermediate Tower of Hanoi positions between the initial and target
configurations). On the graph H,, start at 0. Let i go from n — 1 to 0. Examine the
binary representations of p(a) and 8(a). If the ith digit of p(a) is a 1, then we know
by Lucas” Theorem that the corresponding digit of 6(a) is either a 0 or a 1: if it is 0,
move 2¢ vertices to the left, and if it is 1, move 2° vertices to the right (horizontal
edges are not used). This gives the shortest path from 0 to a; reversing it gives the
solution to the generalized Tower of Hanoi problem.

In the Appendix, we give a Mathematica procedure that implements this implicit
algorithm.

Example 1. Consider the case n =5 and a = 20201. We compute
20201 = 21111 + 2111 + 12 (mod 3)

so that
20201 =B, + 28,5+ B,
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and so the binary representation of p(20201) is 11010. Converting to decimal, we
have p(20201) = 26, which is the distance from 20201 to 00000. The binary represen-
tation of §(20201) is obtained by subtracting the ith binary digit of p(20201) from the
coefficient of B, (and then squaring—but this does not change the result since 0% =0
and 1% = 1). Thus the binary representation of §(20201) is 01000 so that §(20201) = 8.

The shortest path from 0 to @ then travels 16 vertices left, 8 vertices right and 2
vertices left (see Ficure 5). The path obtained by the reversal of this is given in the
Appendix.

FIGURE 5

This method is also given in [5] but without proof and only in the case of the
standard Tower of Hanoi problem of moving from one perfect configuration to
another.

Example 2. A more general example that can be handled by this technique involves
colouring the rings. Consider a standard set of 3n disks, initially stacked on peg O.
Starting from the smallest disk, colour the disks red, white, blue, red, white, blue, and
so on, ending with the largest disk coloured blue and n disks of each colour. We wish
to find the minimum number of moves needed to obtain the red disks stacked legally
on peg 0, white on peg 1, and blue on peg 2.

This is just the problem of determining, as a function of n, d(0,a) where
a = 210210 - - - 210. We compute

210210 - - - 210
=211111---111
+2111---111
+21---111
+21,
if n is even and
210210 - - - 210
=211111---111
+2111---111

+21---111

+2,
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if n is odd. Hence p(a) has binary representation 1010 - - - 10 in the first case and
1010 - - - 101 in the second. Converting to decimal we obtain

2+8+ -+ +23"_1=%(23"—]_), n even

p(e) L+4+ - +2371=2(2%"*"1 1), nodd,
which answers the question.

(As an exercise show that, in the last example, there is a configuration with the red
disks on one peg, white disks on another peg and blue disks on a third peg whose
distance from the initial configuration is 2" — 1 moves—the maximum possible—and
that this is independent of the parity of n.)

In [50] there is another example along these lines that can easily be handled by the
technique given here.

ProBLEM 2. Average number of moves.

This problem was considered by Er [19] in his analysis of Problem 1 and by
Scarioni and Speranza [53] as part of their analysis of an error-correcting algorithm for
the standard Tower of Hanoi problem. We can obtain this result directly from the
graph H,. Letting E, denote the expected, or average, distance of a vertex from 0
and S, = X{d(a,0)la € H,}, we obtain the following recurrence relation:

S, =38, ,+2-3""1-2"71

(where the last term arises from translating each vertex in blocks [1] and [2] 277!
vertices upwards so it corresponds with a vertex in block [0]). We then have

_ “n—-1 g_ n—1
= o1+ 32

— 29n—1
=E,_,+352""°,

which, with the initial condition E, =0, is easily seen to have the solution
E,=2(2"-1).

In other words, the average number of moves required to (optimally) transfer the
disks from a randomly chosen initial configuration to a perfect configuration on a
specified target peg is 2/3 the number of moves required by the optimal solution (2)
to the standard problem.

Alternatively, fix a vertex/configuration a and ask for the average distance /num-
ber of moves A, (a) to a randomly chosen corner vertex/perfect configuration. But
clearly

A, (a) =3(d(a,0) +d(a,1) +d(a,2))
= 1(d(a,0) +d(a+2,0) +d(a+1,0))
=3(p(a) +p(a+2) +p(a+1)). (6)
Now 1=2%720B; and 2 = X}Z(B, in V, so (6) is equal to

1 n—1 ) n—1 ) n—1
3| L a2+ X (a,+1)2'+ ¥ (a,+2)%2¢).
i=0 i=0 i=0
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But for all x €Z,, x2+ (x + 1) + (x + 2)2 = 2; this in turn gives

n—1
A()=2% 2
0

- 3@ - 0.

Thus A, (a) is independent of a, can be computed without solving a recurrence
relation, and is equal to E,,.

ProsLEM 3. The all-pairs shortest path problem.

This problem, a further generalization of Problem 1, involves finding the minimum
number of moves needed to go from one legal Tower of Hanoi configuration to
another. In terms of the Hanoi graph, this is just the problem of finding a shortest
path between all possible pairs of vertices—the so-called all-pairs shortest path
problem for H,. Of course, there are efficient algorithms for solving this problem for
an arbitrary graph—for example, Dijkstra’s Algorithm or Floyd’s Algorithm can be
used—Dbut H,, is such a specialized graph that it ought to be possible to avoid “using
a cannon to shoot a fly.”

Several authors have approached this problem, directly and indirectly, with mixed
success. The argument that has been used often goes something like this: Consider
two configurations, a and b, and suppose the largest disk is on peg i in a and peg j
in b, i #j. Then from a we must first move all disks but the largest to peg k # 1, j,
then move the largest disk from i to j, and finish by redistributing the disks from k
to obtain the target configuration b. This argument, which appears in [12] and [65],
implicitly assumes that the largest disk moves at most once, which, if correct, leads to
an inductive proof that the shortest path from a to b is unique. Unfortunately this is
false! A glance at H, shows why; for n = 3, there are two shortest paths from 001 to
010, namely {001, 002,012,010} and {001,021,020,010} and in the unique shortest
path from 011 to 100—{011, 211,212, 202, 200, 100}—the largest disk moves twice
(see Ficure 2). It is not difficult to prove that, between any pair of vertices of H,,
there are at most two shortest paths. But, as Hinz notes in [33] and [36], it does not
seem to be an easy matter to decide whether the largest disk that moves is in fact
moved once or twice. In terms of the graph, if @ and b lie in different blocks of H,,
the problem is to decide whether a shortest path includes vertices in just these two
blocks or passes through the third block as well. Once this is known, the actual path
can be found using any of the existing algorithms for solving Problem 1.

We can use the Lucas Correspondence to resolve this problem by providing a
straightforward means of determining which of the two possible routes a shortest path
in H, will take. Let @, and a, be distinct vertices of H,. Without loss of generality,
we may take them to lie in different blocks, say a, €[0] and a, €[1]. Let ¢(a,) =
(ri, k) and @(ay) = (ry, ky). Let d, =d(a,,a,) denote the length of the shortest
path from a, to a, that does not pass through [2] and let d, = d,(a,, a,) denote the
length of the shortest path from a, to a, that does pass through [2]. Then we compute

d,=d((r,ky). (2" ' = 1,2" 1 = 1)) +d((ry, k), (2771277 Y)) +1
=(@" ' =1=r)+(r;=k))+((re—2""")) +1
=ry—k, (7)

and
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dy=d((ry, k), (2" =1,0)) +d((ry, kp), (2" = 1,277 1)) +2" 71 +1
=(@"'=1-r)+ k'l) +((2"=1=ry) + (kg—2"" ")) +2" 1 +1

=3-2"" ' —1—r —ry+k, +k,. (8)

Note that what we are counting here are the numbers of horizontal and diagonal
_edges in each of the two paths. (See Ficurk 6 for a schematic representation of this.)

“1_ 1 _ .  p feemmeecca-fp----
2" 1 "1/ o \Zn—l

@"'-1,0

@ -1,2""'-1) @"-12""YH

ky—2n~1
FIGURE 6

Thus we see that
d, <d, if, and only if, 7, + 27, > 2k, + k, +3-2" "1 — 1.

Using symmetry or by direct calculation, similar results can be obtained for a, and
ay in [0] and [2] or in [1] and [2].

Example 3. Find d(011,102) in H,. The Lucas Correspondence gives
¢(011) = (3,0) and ¢(102) = (7,5)
from which, using (7) and (8), we calculate
d,(011,102) =7~ 0=7 and d4(011,102) =11 -3—-7+0+5=6.

Hence d(011,102) = 6 and the shortest path passes through all three blocks of H,
(see Ficure 2 and the Appendix).

It should be noted that, even without the decision procedure we have given here,
much statistical information can be obtained about shortest paths in H,. For example,
it can be shown that the average length of a shortest path between vertices in H, is,
asymptotically, 466 /885 of the diameter of the graph ([8],[33]).
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Variations and some open problems

One of the factors that has undoubtedly contributed to the longevity of the Tower of
Hanoi problem is that there is a seemingly endless number of variations on the same
theme. The rules governing the movement and placement of the disks can be either
strengthened or relaxed, the number of disks of each size can be increased and we
can view these multiple disks as distinguishable or indistinguishable, the number of
pegs can be increased, and so on.

1. Straightline Hanoi. One easy variation is to modify the usual rules by adding the
restriction that a disk may only be moved to or from peg 1 [54], a variation that is
called the Straightline Tower of Hanoi in [47]. It is not difficult to prove that the
minimum number of moves needed to transfer a tower of n disks from peg 0 to peg 2
is then 3" —1 and so corresponds to a Hamiltonian path from 0 to 2 in H, the
existence of which was established in Lemma 0. (In fact, this gives an alternative
proof of Lemma 0.)

2. Cyclic Hanoi. In [3], Atkinson introduced the cyclic Tower of Hanoi problem in
which the pegs are arranged in a circle and the disks are restricted to move one peg
at a time in a clockwise direction. He presented elementary recursive solutions for c,,,
the number of moves needed to transfer a tower of n disks one peg in the clockwise
direction, and a,, the number of moves needed to transfer the same tower one peg in
the counter clockwise direction. It is not difficult to prove that

cn=5%((1+\/§)n+1—(1—\/§)n+1)—1

and

a, = %((14_‘6)“2_(1_‘6)“2)‘_1'

(See also [21], [23], [24], and [62].)

3. Rainbow Hanoi. Other variants of the Tower of Hanoi involve colouring the
disks and, unlike our Example 2 above, using the colours to restrict the movement of
the disks. Having disks of different colours move in different directions is treated by
Er in [22] and forbidding disks of the same colour to come into contact with one
another is discussed by Minsker in [48] where it is called the Rainbow Tower of
Hanoi problem.

4. Multi-disk Hanoi. In [64], Wood posed two variations. In one, the restriction
that a disk may not be placed on top of a smaller one is relaxed to allow disk i to be
placed on top of disk j if, and only if, i —j < b for some fixed integer b <n — 1. In
the other, there are d copies of each disk and the usual rules apply. (In fact we get
two versions of this depending on whether we treat the copies as distinguishable or
indistinguishable.) A generalization of this in which there are d; copies of disk i is
given in [30, Exercise 1.12].

5. Multi-peg Hanoi. Perhaps the greatest challenge is posed by increasing the
number of pegs. In [16], Dudeney gave a version with four pegs (actually he used
cheeses and stools instead of disks and pegs) and called it “The Reve’s Puzzle.”
Dudeney himself undoubtedly knew the answer in this case and, since then, several
other authors have published “solutions” ([6], [27], [52], [57]) or given algorithms for
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“solving” the problem ([25], [34], [40], [41], [51]). However, no one has yet succeeded
in proving the minimality of these solutions and this is apparently a very difficult
problem (cf. [10], the Afterword to the revised edition of [28], [30, Exercise 1.25], [45],
and the Editorial Note following [57]).

Open problems:

(1) Is the Lucas Correspondence of any help in variants 1-37
(2) Construct and analyze analogues of the Hanoi graph H,, in variants 4 and 5. Is
there a generalization of the Lucas Correspondence that works here?

Conclusion

Edouard Lucas could hardly have foreseen the attention his Tower of Hanoi puzzle
would receive in the century or so since he introduced it. Mathematicians and
computer scientists, both amateur and professional, have been kept quite busy by the
problems it has spawned. The number of papers that have been written about the
Tower of Hanoi and its offspring is testament to the fact that this little puzzle holds a
seemingly neverending supply of challenges.

As we have seen here, the Hanoi graph H, provides a convenient model for
visualizing and analyzing Tower of Hanoi problems. The Lucas Correspondence of
H, with the graph P, of the odd binomial coefficients then gives us an effective
computational tool for dealing with shortest path problems in H,. It comes as a
pleasant surprise that Lucas’ investigation of binomial coefficients modulo a prime can
be used to develop and prove this useful correspondence.

While it is highly unlikely that he knew of this connection between H, and P,, we
would like to think that it would have pleased “Professor Claus.”

Appendix

The following Mathematica procedures implement many of the ideas contained in
this paper.

We first generate, in order, all 2" n-bit binary strings that we view as the
coefficients with respect to B (in reverse order) of the leftmost vertices of H,. This
function is taken from [60].

binstringsCn_1 := FlattenlApplyLOuter,
Prepend[Table[{0, 1}, {n}], Listll, n - 11

Next we construct the change-of-basis matrix M from B to the standard basis for
V,. (Exercise: Verify that, for all n, this gives the correct matrix and that M = M™!
over Z.)

basismatCn_1 := Block[{M},
M = TablelO, {n), {n}];
pol MLLj, j11 = PowerMod[2, j, 31;
MCCi, j11 = PowerModL[2, j - 1, 31,
<j, 1, n -1, {i, j + 1, n}]1;
MCLCn, nl] = PowerMod[2, n, 31;
M1l
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Now we use M to generate n-bit ternary strings as needed.

ternrepla_1 := Block[{n, M},
n = DimensionsCall[1]];

M = basismatlnl;

Mod[M.a, 31 1

Here is the Lucas Correspondence: r = p(a) and k = 6(a).

LucasMapla_J := Block[{n, t, r, kI,
n = DimensionsCalCC[11];
t = ternreplal;
r = SumCPowerMod[t[L[n - 111, 2, 31 2Ai, {i, 0, n - 1}]1;
k = SumLCt[Ln - 111 ZAi, {i, 0, n - 131 - r;
{r, k> 1

The next procedure generates the unique path from a to 0. The path is actually
generated in reverse order by iteratively adding to the string labelling the “top”
vertex of a triangle a sequence of 2 consecutive ternary strings from either the left or
right sides of H,: If the ith bit ¢; of the ternary representation of a with respect to 8
is nonzero, move 2° vertices left if t, =1, otherwise move 2 vertices right.

movetowerla_J := Block[{n, top, m, t, b, moveseql,
n = DimensionsCalCC11];
top = Tablel[0, {n}];

moveseq = {topl);

M = basismatln];

b = binstringsCnl;
t = ternreplal;

pol IfCtCCil] !'= 0,
(DolAppendTolmoveseq,
Mod[top + tCCil11 mMm.bCLCj + 111, 311,
{j, 1, 2°(n - 21;
top = Last[moveseql)],
{i, n}];
Reverselmoveseql 1

Using symmetry, we now obtain a procedure that solves the generalized Tower of
Hanoi problem as described in Problem 1.

HanoiMoveSequencela_, p_1 :=
Mod[Cmovetower[Mod[a - p, 311+p, 3]

We now develop a procedure for solving the All-Pairs Tower of Hanoi problem, as
described in Problem 3. We begin with a procedure that returns the shortest path
between vertices a, and a, in blocks [0] and [1], respectively. Using symmetry, we
then extend this to handle an arbitrary pair of vertices a, and a,. Both procedures
use a modified version of the built-in Mathematica function Prepend.

preprendll_, i_1 := Map[Prependl#, iJ&, L]
HanoiPathO01[la1_, a2_J := Blockl

{n, r1, r2, k1, k2, d1, d2, one, path 1},

n = DimensionsLa1]1LC11];

r1 = LucasMapl[a1]C[111; k1 = LucasMapl[a11[[21];
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r2 = LucasMapl[a2]C[C111; k2 = LucasMapla2]1[C[2]1];

one = Tablel1, {n - 1}];

d1 = r2 - k1;

d2 =3 2°(n - 1) -1 -r1-r2+ k1 + k2;

path = Ifld1 <= d2,

JoinlprependC[HanoiMoveSequencelRestl[a1l, 21, 01,
Reverselprepend[HanoiMoveSequencel[Rest[a21, 21, 111 1,

Join[prepend[HanoiMoveSequencelRestl[a1l, 11, 01,
prependCHanoiMoveSequencelone, 01, 21,
ReverselprependCHanoiMoveSequencel[Rest[a2], 01, 1111];

pathl

HanoiPathl[a1_, a2_1 := Blockl
{u1, u2, v1, v2, rotate, flip, pathl},
u = al; v = az2;
IfCull11] == v[[1]1],
path = prependl
HanoiPathlRestlLul, RestCv1l, a1CLC1111,
(rotate = a1CC11];
ul = Modl[a1 - rotate, 31]1;
u2 = Mod[a2 - rotate, 31]1;
flip = u2CC11];
vl = flip ul; v2 = flip u2;
path = Mod[flip HanoiPathO1[v1, v2] + rotate, 31)1;
path 1
Here is Mathematica’s solution to Example 1.
LucasMapl{2, 0, 2, 0, 131
{26, 8}
HanoiMoveSequencel{2, 0, 2, 0, 1}, 01
{{2’ 07 27 0’ 1}7 {27 0’ 27 2’ 1}7 {27 07 27 27 2}’ {27 1’ 2’ 27 2}7 {27 17 27 27 1}7 {27 17 27 0’ 1}?
{27 17 2’ 07 0}7 {27 17 17 07 0}7 {27 17 17 07 2}7 {27 17 17 1, 2}7 {27 1’ 17 17 1}7 {07 17 17 17 1}7
{0,1,1,1,2},{0,1,1,0,2}{0,1,1,0,0},{0, 1,2,0,0},{0, 1,2,0,1},{0,1,2,2, 1},
{07 17 27 27 2}7 {07 0, 27 2, 2}7 {07 0, 27 27 0}7 {07 07 27 1, 0}, {07 07 27 17 1}7 {0’ 07 0’ 17 1}7
{0,0,0,1,2},{0,0,0,0,2},{0,0,0,0,0}}
As a check that our formula from Problem 2 for the average path length to a corner
vertex is correct, let's compute A4(20201):
a=+4{2,0,2,0, 1>

sumCLucasMap[Mod[a + k, 331CC111, {k, 0, 231/3
62 ‘

35
which equals 2(2° — 1) as expected.

Finally, here is the shortest path from Example 3 in our discussion of the All-Pairs
problem:

HanoiPathL€0, 1, 1}, €1, 0, 23]
{{07 1’ 1}7 {27 1’ 1}7 {27 1’ 2}7 {27 07 2}7 {27 0’ 0}7 {17 07 0}’ {17 07 2}}
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1. Introduction

Any casual comparison of the topic of Bernoulli trials with that of Mahonian statistics
would lead one to the superficial observation that the letter g is common to both
subjects: As is well known, the g of the Bernoulli coin-tossing scheme denotes the
probability that tails occurs. Somewhat less well known is the fact that Mahonian
statistics give rise to a branch of combinatorics that in some circles is referred to as
g-combinatorics.

Of course, the use of the same symbol in these two contexts is mere coincidence.
However, as will be explained, there is a surprising natural connection between these
two famous q’s of mathematics.

Our discovery of this connection was sparked by a comment made by Professor Jim
Delany. Following a colloquium talk on permutation statistics [8], Delany quizzically
remarked that there were some striking similarities between the talk and an article by
Moritz and Williams [6] that had just appeared in this MacaziNg. In brief, Moritz and
Williams considered the problem of determining the probability that a given permu-
tation would be the result of a certain coin-tossing game. It is their game that forms
the link between the Bernoulli coin-tossing scheme and the subject of Mahonian
statistics.

Beyond being just a curiosity, there are a few practical aspects of our discovery.
For starters, the relationship between Bernoulli trials and Mahonian statistics imme-
diately provides the answers to some of the questions posed by Moritz and Williams.
We will also make use of the combinatorics of a certain Mahonian statistic, known as
the comajor index, to give alternate proofs to some of the results in [6].

We begin our “tale of two ¢’s” with a short review of Moritz' and Williams™ work.
Before proceeding, the reader may find it helpful to peruse their article.

2. Synopsis of Moritz’ and Williams’ article

To set the stage, we briefly present some terminology and notation. As is usual, any
linear rearrangement of the integers 1,2,...,n will be referred to as a permutation on
the set {1,2,...,n}. For instance, 0 =4,3,1,2 is a permutation of the integers
1,2,3,4. We will let S(n) denote the set of permutations on {1,2,...,n}.

When there is no possibility of confusion, the commas appearing in a permutation
will be deleted. Instead of writing o =4,3,1,2, we will henceforth write o = 4312.
Furthermore, the symbol o(i) will be used to denote the ith element from the left in
a permutation o € S(n). For o = 4312, 0(2) = 3. Thus, a typical permutation o € S(n)
will be expressed in the form o =0(1)a(2)...a(n).

The principal problem considered by Moritz and Williams may now be para-
phrased as follows:
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Principal Problem. Players 1,2,...,n in turn toss a coin that comes up heads with
probability p and tails with probability ¢ =(1 —p). A player, upon tossing heads,
goes out of the game and passes the coin to the next player still in the game. The
remaining players continue to toss until all have gone out. The problem is to
determine, for any permutation o = o(1)a(2)...a(n) € S(n), the probability that the
players go out in the order specified by o (that is, for 1 <i <n, o(i) is the i" player
to go out).

To solve this problem, Moritz and Williams introduced the notion of the norm of a
permutation. Denoted by |o|, the norm of o € S(n) is the number of tails in the
shortest sequence of coin tosses for which the game ends in o.

As an illustration, consider the permutation 0 =47368215 € S(8). Given that
players 1 through 8 toss in natural order, the “minimal flipping sequence” that
produces ¢ must begin with players 1, 2, and 3 each tossing tails and player 4 tossing
heads. Continuing through the first pass of the natural tossing order, players 5, 6, 7,
and 8 must respectively toss tails, tails, heads, and tails. For convenience, the
outcomes of the first and subsequent passes through the tossing order that together
comprise the minimal flipping sequence of ¢ are tabulated in Table 1. By adding the
number of tails in the final column of Table 1, the norm of ¢ =47368215 is seen to
be lo|=6+3+2+0=11.

TABLE 1 MINIMAL FLIPPING SEQUENCE PRODUCING 00=47368215.

Pass Player Number
Number 1 2 3 4 5 6 7 8 of Tails
1 T T T H T T H T 6
2 T T H — T H — H 3
3 T H — — T — — — 2
4 H — — — H — - - 0

In order to state Moritz’' and Williams’ elegant solution to this coin-tossing game, it
is convenient to introduce some standard, though not widely known, terminology and
notation. The g-analog and g-factorial of a nonnegative integer n are respectively
defined to be the polynomials

[nl=1+g+qg%+...+q" ' and [n]!=[1][2]...[n]

where, by convention, [0]=0 and [0]!=1. To gain some familiarity with these
polynomials, the reader will find it helpful to verify the results listed in Table 2.

TABLE 2 THE g-ANALOG OF n! FOR 1 <n < 4.

[n]!

[1)=1

[=[1][2=1)X1+g)=1+¢q

Bl =[2MB8]1 =1 +gX1+q+q?)=1+2q+2¢%+q°

[4) =[3][4] = (1 + 2qg + 2¢% + ¢*)1 + g + g% + %) =1+ 3q + 592 + 64° + 5¢* + 3¢° + ¢°

w3

It is also instructive to consider the value of [n]! for some particular values of g. For
instance, if ¢ = , then [3]! =1 + 2(1/2) + 2(1/4) + (1/8) =21 /8. In the case g = 1,
it is not difficult to see that [n] =n and that [n]! = n!. This latter case provides the
rational for referring to [n] and [n]! respectively as g-analogs of n and its factorial.
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Using the notation of g-analogs, Moritz’ and Williams’ main result may then be
stated in the following form:

Tueorem 1. For o € S(n), let P(0) denote the probability that players 1,2,...,n
go out in the order specified by o. Then P(c) = q'"!/[n]!.

An interesting point to note is that Theorem 1 provides a continuum of measures on
S(n) that varies from the unit measure concentrated on a single permutation to the
equiprobable measure: If g =0, then P(o) is equal to 1 if 0 =12...n and is equal to
0 otherwise. If g =1, then P(a)=1/n! for all o € S(n).

Besides giving an explicit formula for P(o), Moritz and Williams also considered a
number of peripheral questions that arise in connection with the partitioning of S(n)
“according to norm.” Let S(n, k) denote the set of permutations contained in S(n)
that have norm k, that is,

S(n,k) ={oeS(n):lol=k}.
This partitioning of S(n) is very natural in the sense that the permutations in S(n, k)
occur with equal probability, namely g*/[n]l. Thus, partitioning S(n) according to
norm is equivalent to partitioning according to probability.
As the computation of the norm is indirect (involving the minimal flipping
sequence), Moritz and Williams posed the following natural questions:

Query 1. Is there a direct method for computing |o| that would thereby provide a
simpler characterization of S(n, k)?

Query 2. Is there a closed formula for the cardinality of S(n, k)? Have these numbers
arisen in other contexts?

Although Moritz and Williams did not answer these questions, they did derive a
number of significant identities pertaining to the cardinality of S(n,k). As these
identities are relevant to the discourse to follow, we present them in Theorem 2.

THEOREM 2. Suppose < > denotes the cardinality of S(n, k) and that m(n) denotes

k
the binomial coefficient ( ) =n(n —1)/2. Then

2
(i) Symmetry Property: <: >= < ) ';_k >

(ii) Row Sum Property: zkmgg<: >= n!

(iii) Additive Recursive Property: < : > S < n ; 1 >

(iv) Generating Function Property: L, ¢ s,\q ol = ymn) <: >q" = [n]l.

At this point, it is convenient to briefly outline the rest of this paper. In section 3,
we will give a short introduction to the subject of Mahonian statistics. We will then
see that part (iv) of Theorem 2 says that the norm is a Mahonian statistic. This fact
alone will partially answer Moritz' and Williams’ Query 2. In section 4, we will show
that the norm is not a new Mahonian statistic. In fact, the norm turns out to be equal
to the statistic known as the comajor index. This observation answers Query 1 by
providing a simpler way of computing the norm. In section 5, we will use the
combinatorics of the comajor index to give alternate proofs of the results of Theorem
2. Finally, in section 6, we indicate how a slight change in Moritz’ and Williams’
game leads to a measure that is “induced” by the well-known inversion number of a
permutation.
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3. Mahonian statistics

So what exactly is a Mahonian statistic? Well, as coined in 1975 by Dominique Foata
[3], the term refers to any statistic on S(n) that has the g-factorial of n as its
generating function. More explicitly, a statistic ®: S(n) — {0, 1,..., (:)} is said to
be Mahonian if

Y ¢*O=[a]L

oeS(n)
For instance, consider the function ®: S(3) — {0, 1,2, 3} defined by

o |123 132 213 231 312 321
®0c) 2 0 1 2 3 1°

Since q%+q°+q'+q>+q®+q'=1+2qg+2q*>+q*=I[3]l, ® is Mahonian on
S@3).

The connection of MoritzZ and Williams’ work with the subject of Mahonian
statistics should now be self-evident: Part (iv) of Theorem 2 merely states that the
norm is Mahonian! This observation has a number of interesting implications, which
we now proceed to bring out within the context of a brief digression through the
history of Mahonian statistics.

The inversion number, which qualifies as the oldest known Mahonian statistic,
perhaps dates back to the origin of determinants. In preparation for defining it, an
ordered pair (i, §) is said to be an inversion in a permutation o € S(n)if 1 <i <j<n
and o (i) > (j). We then define the inversion number of o, denoted by inv o, to be
the number of inversions in o, that is,

imvo=|{(i,j):1<i<j<n, a(i)>a(H)}]

As an example, note that the permutationo = 31254 € S(5) has 3 inversions; namely
(1,2), (1,3), and (4, 5). Thus, inv o = 3.

The connection of the inversion number with the determinant should be clear: One
of the standard definitions of the determinant of a matrix A =(a,;) of real
numbers is given by

nXn

_ invo
detA= ), (-1) 151)%20@) "+ Cnom):
oeS(n)

However, as the theory of determinants is only incidental to our story here, no more
will be said of this connection.

The first of a series of results of direct significance for our purposes came in 1839
when Rodriguez [10] showed that the inversion number is Mahonian:

Tureorem 3. If a(n, k) denotes the number of permutations in S(n) with k inver-
sions, then

m(n)
Y ¢™7= Y a(n,k)g* =[n]!
osS(n) k=0

where, as before, m(n) = (:)

The second development as chronicled in Comtet [1, 236—240], occurred in 1871 with
Bourget’s proof of the recurrence relationship given in Theorem 4.
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Tueorem 4. The numbers a(n, k) satisfy, for n > 1, the recurrence relationship
k

a(n,k)y= Y, a(n—-1,7)

j=k—n+1
with initial conditions a(n,0) =1 and a(0,k) =0 for k > 0.

In addition to Bourget’s result, Comtet goes on to catalog and prove a host of facts
concerning the numbers a(n, k). For later reference, we record some of these facts
below.

Tueorem 5. The numbers a(n, k) satisfy the following identities:
() a(n, k) =aln,m(n) —k)

(i) a(n,k)=aln,k —1) +aln—1,k) fork<n
(i) ZrMaln, k) =n!
Gv) (= Dka(n, k) =0

™ L, S(nyiM0 O = rrmka(n, k) = %( : )n!.

We are now in a position to reap the first benefits from our observation that the
norm is Mahonian. To facilitate this “harvest,” we begin by stating and proving
Theorem 6.

TuEOREM 6. Suppose that ® is Mahonian and that b(n, k) = [{o € S(n): ®(o) =k}

Then b(n, k) is equal to the number of permutations in S(n) with k inversions, that is,
b(n, k) =a(n, k).

The proof is trivial: Since the coefficient of g* in the generating function [n]! is
unique, it follows from Theorem 3 that b(n, k) = a(n, k).

Although partitioning S(n) according to norm is certainly not equivalent to parti-
tioning according to inversion number, the upshot of Theorem 6 and part (iv) of

Theorem 2 is that <: >=a(n,k). As fallout, we first note that this explains the

obvious overlap between the identities satisfied by the numbers <:> and those
satisfied by the a(n, k). Explicitly, we have the following correspondence of results:

(i) of Theorem 2 « (i) of Theorem 5
(ii) of Theorem 2 © (iii) of Theorem 5
(iii) of Theorem 2 < Theorem 4
(iv) of Theorem 2 © Theorem 3.

Parts (ii), (iv) and (v) of Theorem 5 provide new identities for <: >

Furthermore, the equality <: >= a(n, k) answers the second half of Moritz and
Williams™ Query 2 in the affirmative: Yes, the numbers <:> have occurred in other
contexts.

In concluding this section, we present a second classic Mahonian statistic, namely
the major index, which is both historically significant and apropos to the next section.
Also known as the greater index, the major index was conceived of and used in the
study of ordered partitions by Major Percy A. MacMahon in the early twentieth
century. Working in a more general setting than that of permutations, MacMahon
[4, 5] was the first to establish that the major index has the same generating function
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as does the inversion number. It is this very result for which the class of Mahonian
statistics have been named.

To define the major index, it is convenient to first introduce the notion of a descent.
A permutation o € S(n) is said to have a descent at index i, 1<i<n-—1, if
o(i) > (i + 1). Furthermore, the descent set of o € S(n) is defined to be

Deso={i:1<i<n—1,0(i) >o(i+1)}.
The major index of o € S(n) is then defined to be
maj o= Z i

i€Deso
where, by convention, a sum over an empty set is defined to be 0. As an illustration,
consider 0 =47368215 € S(8). By inserting asterisks to highlight descents in o,
we have 0 =47+368%2%15. Thus, Des 0 ={2,5,6} and majo=2+5+6=13.

4. The comajor index: a simple interpretation of the norm

It turns out that the norm (|o’|) is not a new Mahonian statistic. In fact, by closely
examining the examples in Moritz’ and Williams’ article, it is not too difficult for one
knowledgeable of permutation statistics to guess that the norm is no more than a
slightly disguised variation of the major index. This slight variation has come to be
known as the comajor index.

As apparently first considered by Désarménien and Foata [2], the comajor index of
a permutation o € S(n) is defined to be

comgio= ), (n—i).
i€Deso
Thus, whereas the major index sums the indices of descents “relative to the left-hand
side of o,” the comajor index sums descent indices “relative to the right-hand side
of o0.”

Consider the permutation o =47368215 € S(8). From Table 1, we have that
|o| = 11. By inspection, we see that Des o = {2,5, 6}, which implies that comaj o =
(8—2)+(8—5)+ (8 —6)=11. Thus, |o| = comaj o.

We now state our main result:

Tueorem 7. For any o € S(n), we have |o| = comaj o.

Rather than a formal proof of Theorem 7, we give an enlightening example. We begin
by reconsidering the minimal flipping sequence (MFS for short) of Table 1 and its
associated permutation ¢ in the compact form

MFS: TTTHTTHT|TTHTHH |[THT|HH
o 4 7 = 3 6 8 = 2 *x15

where bars have been inserted in the MFS to indicate points in the game at which
the coin is passed to the beginning of the tossing order and where, as before, asterisks
have been inserted in o to highlight descents. The important observations to make
here are listed below:

(1) There is a natural one-to-one correspondence between the bars and the asterisks.

(2) The contribution to comaj o made by the first descent from the left in o is equal
to the number of tails that precede the first bar in the MFS.

(3) For 2 <i <des o, the contribution to comaj o made by the ith descent in o is
equal to the number of tails between the (i — 1)st and ith bars in the MFS.
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Together, these observations imply that || = comaj o.

Of course, Theorem 7 provides an answer to Query 1 of Moritz and Williams. The
comajor index may be directly calculated from o. Moreover, the characterization of
S(n, k) in terms of the comajor index, S(n, k) = {o € S(n): comaj o =k}, is easier to
use.

5. Alternate proofs to the results of Theorem 2

Using the combinatorics associated with the comajor index, it is possible to prove all
of the identities of Theorem 2. As the Row Sum Property (part (ii) of Theorem 2) is
the most straightforward, we begin with it.

First, it is clear that the comajor index is minimized on S(n) at o0 =12...n. Note
that comaj(12...n) =0. Also easy to see is that the comajor index achieves its
maximum on S(n) at 0 =n....21. Thus, the maximum is equal to (n — 1) + (n — 2)
+ -+ +1=n(n — 1)/2. Recalling that m(n) = n(n — 1)/2, it then follows that

m(n)
kU {oc€S(n): comaj o =k} =S(n).
-0

As the sets in the above union are pairwise disjoint, part (ii) of Theorem 2 is
immediate.

In order to establish the remaining properties listed in Theorem 2, we will make
use of two bijections. The first bijection, which we will denote by C, is sometimes
referred to as complementation on S(n). For o € S(n), it is the permutation de-

fined by
Clo)=(n+1-0(1))(n+1-0(2))...(n+1-0(n)).
For instance, C(47368215)=52631784.
A proof of the Symmetry Property for the numbers < :> may now be given by

simply observing the change in the comajor index that results when the complemen-
tation operation is applied to a permutation. Just note that relative to {1,2,...,n — 1},
the sets Des C(0') and Des o are complementary, that is,

DesC(o)={i:l<i<n—1,n+1-0(i)>n+1—-0(i+1)}
={i:l<i<n-1,0(i)<o(i+1)}
={L,2,...,n—1}\Des 0.

We therefore have that

n—1
comgjiC(a)= Y. (n—i)= Y (n—i)— Y, (n—i)=m(n)—comajo.
i€ Des C(o) i=1 i€ Des(o)

Thus, when restricted to permutations of S(n) having comajor index k, C is a
bijection from S(n, k) to S(n, m(n) — k), thereby establishing the Symmetry Property
of Theorem 2.

Our second bijection, which we will denote by T, is a variation of one presented in
[7] and is based on observing the effect that “inserting n” into a permutation
6 €S(n—1) has on the comajor index. To observe this effect, the n possible
“insertion positions” in 6 = 6(1)8(2)...0(n — 1) are labeled as follows: Using the
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labels 0,1,...,n — 1 in order, first scan 6 from left to right and label the positions
that, upon insertion of n, will not result in the “creation” of a new descent. Then
scanning back from right to left, label the remaining positions. For instance, for
0=4736215, the top and bottom rows of the display

0 1 2 3
N\ N\ \ J,
0= 4 7 3 6 2 1 5
T T T T
7 6 . 5 . . 4

respectively indicate the labels as distributed by the two scans.
Now, in terms of the just described insertion procedure, for ordered pairs (8;1) €
S(n—1)%X{0,1,...,n — 1} we define a map T by

ree;l)=o,

where o is the permutation that results when n is inserted into position I of 6. As an
example, from the preceding display, we see that I'(4736215;4)=47362185.
Two important facts concerning I' are summed up in Theorem 8.

Tueorem 8. For n>1, T is a bijection from S(n — 1) X{0,1,...,n =1} to S(n).
Moreover, if T(8;1) =a, then comaj o =1+ comaj 6.

It is the final property of Theorem 8 that explains the method behind our seemingly
arbitrary labeling procedure. Leaving the proof of Theorem 8 to the diligent reader,
we move on to some applications.

We first use I" to establish the fact that the comajor index is Mahonian. The proof
is elementary and proceeds by induction. For n = 1, we have that

Z qcomajtr = qcomajl = qO =]= [l]'
oeS(1)
Then, if we inductively assume that
E qcomaja'=[n—]_]! for n=>2,
oeS(n-1)

it follows from Theorem 8 that

Z qco.maj0'= nil Z ql+comaj9

oeS(n) =0 0eS(n—-1)
n

1
Yq X qom=[n][n-1]l=[n]t

I=0 g9eS(n—-1)

Thus, the comajor index is Mahonian. In view of Theorem 7, this establishes part (iv)
of Theorem 2.
As a second application of T', we begin by .noting that, if § € S(n — 1,k — ), then

comaj I'(0;1) =1+ comaj 0 =1+ (k—1) =k.
Then, by restriction, I' may be viewed as a bijection from the union

n—1

U S(n—1,k—1) x{l}
1=0
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to the set S(n, k). As the sets in this union are mutually disjoint, it follows that

(-2l 200

k 1=0 k=1 j=k—-n+1 i

Thus, we have established Bourget's Additive Recursive Property as given in Theo-
rems 2(iii) and 4.

We conclude this section with two remarks. First, bijections analogous to T', that is,
based on insertion, have long been used to study the classical Eulerian numbers (for

instance, see [7]). Second, all of the other identities for the numbers <:> listed in

Theorem 5 may be derived from their generating function [n]!. For the interested
reader, these derivations are outlined by Comtet [1, 236-240].

6. An inversion game

In view of the connection between the comajor index (or norm) and Moritz' and
Williams™ game, it is only natural to ask whether or not there are games that lead to
measures induced by the major index or the inversion number. In other words, are
there games for which the probability that o € S(n) occurs is given by ¢**?/[n]! or
qma jo /[ n]‘?

The answer to this question is “yes.” We will present a game that leads to the
measure induced by the inversion number. It is stated below.

Inv Game. Players 1,2,...,n in turn toss a coin that comes up heads with probability
p and tails with probability g = (1 — p). A player, upon tossing heads, goes out of the
game and passes the coin to the beginning of the tossing order. The remaining players
continue to toss until all have gone out.

As is easily seen, the Inv Game is essentially the same as the game of Moritz and
Williams. There is just one exception: Whenever heads is tossed, instead of the coin
being passed to the next player remaining in the game, the coin is passed back to the
beginning of the tossing order.

By appropriately adapting the proof of Theorem 1 as given by Moritz and Williams,
it is not difficult to verify the following theorem.

TueoreMm 9. For o € S(n), the probability that players 1,2,...,n go out of the Inv
Game in the order specified by o is given by P(c) = q*"*7 /[n]!.

The details are left as an exercise.

7. Epilogue

By exploiting the fact that the norm is Mahonian, we have been able to answer all but
one of Moritz and. Williams™ questions: We do not know whether or not there is a

simple closed formula for < :> However, given that no such formula is listed in

Comtet’s book, which is a veritable encyclopedia of combinatorial results, it is
doubtful that one is known.

Beyond this unsolved problem, an unexplored landscape is emerging. There is a
host of intriguing questions that pertain to the interplay between probability and
permutation statistics. A further discussion of this topic is given in [9].
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Proof with Words:
An Efficient Trisection of a Line Segment

M

any texts give a construction of the trisection of a line segment based upon Euclid

[Elements, VI, 9] that requires 9 elements (6 circles and 3 lines). The following
“efficient” construction uses only 6 elements (2 circles and 4 lines).

Proof. Draw CB. Then AB and CE are medians of ABCD.

@ &

FIGURE 1 FIGURE 2
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Minimum Integral Drawings
of the Platonic Graphs

HEIKO HARBORTH
MEINHARD MOLLER

Technische Universitdt Braunschweig
D-38106 Braunschweig, Germany

In memory of Torrence D. Parsons

The five platonic solids sustained continued interest for more than 2000 years in arts,
science, and different fields of mathematics. Here we will consider the five platonic
graphs that correspond to the vertices and edges of the five regular solids.

An integral drawing of a graph G is a mapping of the vertices of G into different
points of the plane, and of the edges of G into straight line segments of integer length
that connect corresponding endpoints in such a way that two line segments have at
most one point in common, either a common endpoint or a crossing.

The existence of integral drawings for any graph G is guaranteed, for example, by
the construction in [7] where all points are on a circle. Integral drawings of graphs
might be of interest in science, for example, in the context of integral multiples of
wave lengths or energy quanta.

A planar graph is a graph that can be embedded in the plane in such a way that no
two edges intersect geometrically except at a vertex to which they are both incident.
A graph embedded in the plane in this way is called a plane graph. Then a plane
integral drawing is an integral drawing that is a plane graph. It is not known if it is
always possible to produce a plane integral drawing of a planar graph.

Conjecture. For every planar graph there exists a plane integral drawing.

For special graphs G one can ask for the smallest integral drawing in the sense that
the diameter d(G) of an integral drawing is a minimum, where the diameter of a
drawing is the largest integer in the set of lengths of all its straight line segments.

If we denote the minimum diameter of a plane integral drawing of a graph G by
dp(G), these values for the five platonic graphs: tetrahedron (T), octahedron (O),
cube (C), dodecahedron (D), and icosahedron (I), are determined in [2] to be

dp(T) =17, dp(0)=13, dp(C)=2, dp(D)=2,  dp(I)=159.

See also [6] for two of these drawings.
In this note we will present the minimum diameters d(G) for integral drawings of
the platonic graphs G in the case where edge intersections are allowed.

ResuLt. The minimum diameters d(G) of integral drawings of the platonic graphs
G are
d(T) =4, d(o) =1, d(C)=1, d(D) =1, d(I) =8.
355
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There exist exactly 1, 3, and 2 different integral drawings with minimum diameter for
the three integral drawings of T, O, and I, respectively.

For C and D we obtain d(C) =d(D) = 1 immediately from Ficugres 1 and 2. For
the remaining three triangulations T, O, and I, a computer was used to check
successively whether for the first natural numbers n an integral drawing with
diameter n can be constructed. For d(T) = 4 proofs without computer can be found
in [3, 4, 5], and the unique smallest drawing of T is given in Ficure 3.

FIGURE 1 FIGURE 2
Integral drawing of the cube graph with  Integral drawing of the dodecahedron graph
all edges of length 1. with all edges of length 1.
3
3
2..2 4
3 1 n 2
FIGURE 3 FIGURE 4
Unique integral drawing of the tetrahedron Order of constructed points for the
graph with minimum diameter 4. tetrahedron graph.

The calculations can be done as follows. We choose 3, 4, or 5 integral triangles with
side lengths <n such that these can be triangles around a vertex v of T, O, or I
with consecutive triangles having one side in common. A subsequent triangle may be
added either clockwise or counterclockwise to the preceding one. In all possible cases
the difference between the sums of the angles «; at the vertex v of all triangles
added clockwise and all triangles added counterclockwise has to be an integral
multiple of 27r. This has to be checked by computation using the cosine rule for the
integral triangles. If cos(a; + @, &+ *+ ) =1 is checked, all computations can be done
by integer operations, that is, exactly. However, this method seems to use too much
computing time, even for the octahedron. Therefore we used the following straight-
forward method that, although it requires consideration of computational errors, is
possible on most personal computers.

Starting with points 1 and 2 at distance n we construct points 3,4, ..., in the order
shown in Ficurgs 4, 5, and 6 as intersection points of circles with integral radii in all
possible ways. The calculations of the coordinates of these points causes computa-
tional errors. Moreover, we determine the lengths of the dotted lines in Ficurgs 4 to
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6 from the coordinates of their endpoints. This causes further computational errors.
For each dotted line determined in the figures, we check to see whether its length
differs from an integer by less than a certain error E; if not, the next case is
considered. If € is the error for any simple computing operation of the computer
used, for example, € = 10717, then for this error E the estimate E < 10%*n3% can be
deduced. Since only n <11 is used, we obtain E < 10%¢, that is, E <10~ in the
example. By this method we get sets of integral side lengths for all three graphs, and
it remains in every case to check by the exact method described earlier whether these
really give an integer solution.

FIGURE 5 FIGURE 6
Order of constructed points for the Order of constructed points for the icosahedron
octahedron graph. graph.

The minimum diameters d(T'), d(O), and d(I) obtained are as asserted above, and
the computations yield only the 1, 3, and 2 minimum drawings shown in Ficugres 3,
7, and 8 for T, O, and I, respectively.

Finally, minimum integral drawings of T and O exist that use only three different
edge lengths (see Ficures 3 and 7). The computational search for integral drawings
of I with diameters up to 11 yields only the two further examples in Ficurg 9. These
also have only three different edge lengths. For T, drawings with just two lengths do
exist. This follows from the results in [5], or by the fact that each of all six possible
two-distance sets with four points that are determined in [1] contains at least one
irrational distance. For O and I we do not know whether integral drawings can have
just two different lengths.

)
<IN
‘@
'3

7 7

FIGURE 7
All three minimum integral drawings of the octahedron graph (d(0) = 7).
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FIGURE 8
All two minimum integral drawings of the icosahedron graph (d(I) = 8).

7
7.
4
N I\
9 X7
7
7 5 4
7\ 9/4 79
719 ~
7977
. 7
1

FIGURE 9
All two possible integral drawings of the icosahedron graph with diameters 9, 10, or 11.
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A Comparison of Two Elementary
Approximation Methods
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Morgantown, WV 26506
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Washington, DC 20059

1. Introduction There are two familiar methods one learns in calculus for approxi-
mating the value of a differentiable function near one or more data points where the
function is known and /or easy to evaluate. The first method is linear interpolation
and the second is the differential approximation. A natural question about the the two
methods is: “Which is better?” This question was posed by Leon Henkin during a
visit to a seminar on curve fitting given by one of the authors in the Summer
Mathematics Institute for talented minority students at Berkeley.

In what follows, we study this question from several viewpoints, using only
elementary methods. What we find interesting is that, starting with an intuitive but
mathematically ill-formulated question, we are lead to a fairly rich investigation
touching on several mathematical approaches, including a result on existence/
uniqueness that applies to convex functions, an exact/local analysis based on the
quadratic case, and a discussion of numerical methods.

2. Formulation and preliminary observations The function f is assumed to be
differentiable. We begin by setting out the two alternatives:
Differential approximation: Given f(a), f'(a) we approximate

f(x) =f(a) +f'(a)(x —a) =fp(x). (1)
Linear interpolation: Given f(a), f(b), we approximate
fx) =f(a) + LI oy =y, ()

Ficure 1 illustrates f(x) and its two approximations.

FIGURE 1


http://www.jstor.org/page/info/about/policies/terms.jsp

360 MATHEMATICS MAGAZINE

The approximation error of an approximation method at a particular value of x is
simply the difference of f(x) and its approximate value, in this case either f(x) — f,(x)
or f(x) —f;(x). The size of the approximation error is its absolute value. We would
be entitled to say that one method is better than the other if for all a <x <b its
approximation error had smaller size than that of the other method. We will see
shortly, however, that this situation never occurs in our problem. The approximation
method having the error of smaller size depends on the value of x, and one must try
to say something about where (i.e. for which values of x) one method is better than
another, and for which functions.

We begin with some simple observations. If x is near a, f,, is better, while if x is
near b, f; is better. In fact, the only way this could not be true is if the two
approximations are identical. To explain this, note first that both approximations are
the same at x =a. Near x =b, if f,(b) #f(b) then f; is better near b, since
f1(b) = f(b). On the other hand, if f,(b)=f(b) then both approximations agree at
x =a and x =b and hence are identical since they are linear functions. Next, using
the definition of the derivative, one can show that f;(x) is the best linear approxima-
tion of f(x) near x = a. Consider all lines through the point (a, f(a)) that have the
form y =f(a) + m(x — a). The error in approximating f(x) using such a line, at
x # a, is then

£ = (@) +m(x =) = (r= )| LELZLED )

so that the term in brackets goes to zero as x goes to a (and hence gives the smallest
size error) if, and only if, m is equal to f'(a). Thus either f}, is better than f; near a

or else f; also has derivative f'(a), in which case it is identically equal to fj,.
Having shown that f,, is better near x =a and f; is better near x =D, the
question of which approximation method is better becomes, “For what values of x is
fp better than f; and for what values is the opposite true?” In turn, the answer to
this question hinges on the answer to the question “At what points are the approxima-
tion errors of the two methods the same size?” We note that at any point where the
approximation errors have the same size, the approximation errors must be of
opposite sign or else (again) the approximations are identical. This occurs because if
the approximation errors are the same at some point then f;, =f at that point and,
along with fp(a)=f,(a), which is always true, we see that both approximations
correspond to the same line. Thus if the functions f}, and f; are not identical, the set
of points at which the approximation errors have the same size is therefore precisely
where the approximation errors sum to zero, which is precisely the solution set of the

equation

F3) ~fol®) +§(x) ~fi(x) =0 or )
f(x) = [fp(x) +fu(x)] /2. (4)
A geometric interpretation of (4) is shown in Ficure 2, namely the solution set of (4)
is the set of points where the line y=[fy(x)+f;(x)]/2 intersects the curve

y =f(x). The label ¢ in Ficure 2 is the location of x at the point of intersection in
the interval (a, b).

3. Qualitative results Continuing with the graph in Ficure 2, we observe that f(x)
is concave up and there is exactly one value of x, x = ¢ in the figure, where the sizes
of the two approximation errors are the same. The following theorem shows that this
is true for any function that is strictly concave up or concave down and has two
continuous derivatives.
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TueoreM 1. Let f"(x) be continuous and either strictly positive or strictly negative
for dll x in some open interval 1. Then for any a, b in I, f, and f; cannot be identical,
and, aside from the point x = a, there is exactly one other point in I, lying between a
and b, at which the approximation errors have the same size.

Proof. Motivated by equation (3), we define

g(x) =f(x) —fp(x) +f(x) = fu(x).
First, f, and f; cannot be identical for if they are, g(a)=0, g(b)=0, and
g'(a) = 0. The first two facts (by Rolle’s theorem) imply the existence of a point «
between a and b for which g’(a)=0. Since g’(a) =0 there exists another point 8
between a and @ at which g”(B)=0. But g"(x) =2f"(x) since f, and f; are
linear, so f”(B)=0. This contradicts the hypothesis that f"(x) is either strictly
positive or strictly negative in I.

Since f, and f; are not identical, the approximation errors have the same size if,
and only if, (3) is satisfied, i.e., g(x) =0. Now g(a) =0 is always true. If g has two
other distinct roots in I there are, by Rolle’s theorem, at least two distinct points in 1
where g'(x) is zero, and so at least one point in I where g”(x) = 0, again contradict-
ing the hypothesis on f”(x). Thus g has at most one other root in I, but since we
showed that f,, and f; are not identical, by previous arguments there is at least one
point between a and b where g(x)=0. Thus, aside from x = a, there is a unique
root of g and it lies between a and b. This proves the theorem.

We might ask what can happen if the hypotheses of the theorem do not hold and f
has one inflection point, say x = c. In this case f,, and f; can be identical, but if not,
there is, interestingly, still only one point where the approximation errors have the
same size.

TueoreM 2. Let f"(x) be continuous and suppose that the closed interval I = [a, B]
contains an interior point ¢ with f"(c)=0 and f"(x) >0 for x>c, f"(x) <0, for
x <c¢, where x € I is assumed in each case. Then the following holds:

i) There are infinitely many pairs a, b, with a <c <b, for which fp(x) and f;(x)
are identical.

ii) If fp and f, are not identical for a particular choice of a,b €I then there is
exactly one point between a and b at which the approximation errors have the same
size.

[fp(x) + fi(x))/2

/ I | l

a c b
FIGURE 2
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Proof. We sketch a proof of part i) with the aid of Ficure 3. The idea is that, using
values of a close to but less than c, the graph of f,(x) (the tangent from (a, f(a))),
will intersect the graph of f(x) at some x =b with b > ¢ and b € I. Then f; will be
identical to f,,. To effect this idea as a proof, we begin by explicitly exhibiting the
dependence of f, on the point a by using the notation f,(x;a). Now we can show,
using Rolle’s theorem, that

fo(x;¢) <f(x) forx>c, (5)

i.e., the tangent through the turning point is below the right, concave-up, portion of
the curve. Similarly, we can show that

if a<ec, fp(x;a) >f(x) forx<e, (6)

i.e., a tangent constructed on the left, concave-down, portion of the curve is above the
left portion of the curve. Now consider f,(B;a) as a function of g; it is clearly a
continuous function of a. When a = ¢, we have f,(B;c) <f(B), by virtue of (5), so
for a <c¢ and |a — ¢| sufficiently small, f;,(B; a) <f(B) holds by continuity. On the
other hand, f;(c;a) > f(c) by virtue of (6). The last two inequalities imply, by the
intermediate value theorem, the existence of a point b with ¢ <b <, such that
fp(b; a) =f(b), completing part i).

The proof of part ii) is more difficult and is left to the reader, although elementary
techniques are still adequate. Ficure 4 provides a “generic” picture of why the
theorem is true. The unique value of x between a and b where the approximation
errors have the same size is denoted by c¢; we observe that at x =¢’ the approxima-

fo(x;a)

folx;c)

FIGURE 3

[fp(‘x) +fL(I)]/2

FIGURE 4.
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tion errors also have the same size, but this value of x lies outside the interval [a, b].

4. An important special case In investigating our problem further, we will com-
pletely and explicitly solve the problem in the case when f is quadratic. “Solving the
problem” means finding the solution of (3), which we know from Theorem 1 is
unique, but in any case will be observed to be unique from the calculations below.

If f is quadratic, say f(x)=px2>+gqgx+r, then f(x) can be written as
f(x) =f(a) +f'(a)x — a) + p(x — a)?.

This representation can most easily be obtained from Taylor’s theorem after noting
that p = f"(a) /2, since the coefficient of x> must be p. It then follows from (1) that

F(x) = fo(x) =p(x— a)” (7)
On the other hand, with f quadratic and f; linear, f(x)—f;(x) is a quadratic
function that is zero at x =a and x = b so we must have

f(x) =fu(x) =p(x —a)(x = b). (8)
The constant factor can be identified as p since subtracting a linear function from f
does not change the coefficient of x2.

At the x we seek, the solution of (3), the sum of (7) and (8) is zero,
p[(x—a)2+ (x—a)(x—b)] =0or p(x—a)(2x—a—-b)=0

with solutions x = a and x = (a + b) /2. Thus for quadratic functions, differentials are
better until halfway between a and b and then the linear interpolant is better. This is
a pleasing result and provides a good rule of thumb, as we briefly explain next.

The solution of the quadratic case provides a local analysis of the general problem,
applicable when a and b are close together and the hypotheses of Theorem 1 hold for
some open interval I containing [a, b]. Under these conditions, f is well-approxi-
mated by a quadratic function and x = (@ + b) /2 will be a good approximation to the
unique solution of (3). A precise formulation and proof of this fact is somewhat
difficult, however, and will not be attempted here.

5. Numerical considerations As discussed in section 3, if f(x) is concave up or
down, the problem of determining where each approximation method is better than
the other reduces to finding the unique solution of (3) for values of x in the interval

(a, b). If we define
g(x) =f(x) —fp(x) +f(x) —fu(x), (9)
then we are seeking the solution of g(x) =0 in the interval (a, b). It turns out that

Newton’s method is guaranteed to converge to the desired solution if we use x,=b
as the initial guess for the root of g. '

Tueorem 3. If f(x) satisfies the hypotheses of Theorem 1, then Newton’s method
applied to the function g(x) in (9), namely, the iteration

Xpr1 =%, _g(xn)/gl(xn)’

with starting value x, = b, will converge to the unique solution x = c of g(x) = 0 in the
interval (a, b).

Proof. We will not provide a proof here. Results of this sort for Newton’s method
are well known; see for instance [1, p. 62]. The result basically follows from the
observations depicted graphically in Ficure 5:
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i) The sequence {x,} is a decreasing sequence with x, > c. This comes from the
concavity of f (and therefore g) in the interval (a, b).

ii) As a decreasing sequence bounded from below, {x,} has a limit, say x*, and this
limit must satisfy x* =x* — g(x*)/g'(x*) so that g(x*)=0. It follows that x* =c.

Finally, we briefly consider the possibility of solving (4) by iteration. If we solve (4)
for x on the (linear) right side, we can obtain an equation of the form x = h(x). It is
tempting to try to solve this equation numerically by the iteration x,,, = h(x,), or
what is the same thing, the iteration

[fD(xn+l) +fL(xn+l)]/2 =f(x,). (10)

g(x)

@ T——— 1% 1 b=1o
FIGURE 5

This turns out to be rather dangerous, even in the simplest case, where f satisfies the
hypotheses of Theorem 1. In the situation depicted in Ficure 2, for instance, it is
easy to see graphically that for the iteration (10), x = a is a stable fixed point, whereas
the solution we seek, x = ¢, is an unstable fixed point. Two other possibilities, both
with f'(a) >0, f"(x) <0, are depicted in Ficure 6. If f'(x)>0, a <x <b (see
Ficure 6a), then the solution x = ¢ is a stable fixed point and any x, in the interval
(a, b) results in a monotone sequence converging to x = c. Perhaps most interesting
is the case depicted in FiGure 6b, in which f has a maximum to the left of x =c. In
this case x ='a is an unstable fixed point, but x = ¢ may or may not be stable. In fact
this generic situation leads, under certain conditions, to the well-known chaotic maps
of an interval onto itself, of which the most famous example is

xn+1=4Axn(]‘ _xn)’ (1]‘)
where chaos occurs for certain values of the parameter A lying between 0 and 1. (See
[2] for a recent discussion at an elementary level.) Indeed, this example arises if we
take f(x) =x —x% a =0 and b a parameter, so that f;,(x) =x, f;(x) =( —b)x and
(10) becomes (11) with 4A =1 —b/2)" .

Lfo() +f () /2

Lo +fll/2__

(@)

FIGURE 6
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6. Concluding remarks We have shown in the preceding discussion, how a simple
question concerning the comparison of linear interpolation and the differential
approximation leads to some interesting mathematics, using only elementary methods
at the calculus level. We discovered classes of functions for which the answer to the
question could be well-characterized qualitatively; and obtained a nice exact answer
in the case of quadratic functions, which also serves as a local approximation. Finally
we showed that Newton’s method can be reliably used to find the “cross-over” point
in the case of concave up/down functions, while the method of iteration, naively

applied, can converge, diverge, or lead to chaotic behavior even in the simplest
examples.
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Counting Centralizers in Finite Groups
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A finite (and all groups mentioned in this paper are finite) abelian group is the direct
product of cyclic groups of prime power order. Thus, one expects group structure to
become increasingly complex with decreasing ‘abelianness.” Indeed, the basic classi-
fication scheme for groups reflects the importance of the notion of commutativity in
understanding group structure because labeling a group as abelian, nilpotent, super-
solvable, solvable, or simple indicates, at least in a qualitative sense, the degree of
commutativity the group enjoys.

Beginning abstract algebra students tend to ignore the subtleties of the commuta-
tivity issue—xy = yx as far as they are concerned. Thirteen or fourteen years of
commutative arithmetic are hard to dismiss. An effective way to deal with this
misconception is to address it directly by asking ‘How many pairs of elements of a
group commute? or ‘What is the probability that two group elements commute?” The
formal answers are #Com(G) = |{(x, y)|lxy = yx}| and PrCom(G) = #Com(G)/IGlz,
respectively. These questions and their (formal) answers put the notion of commuta-
tivity on a numerical basis, which students enjoy, and provide motivation for a
delightful excursion through some nice elementary group theory. Indeed, the fact that
#Com(G) = k|G|, where k is the number of conjugacy classes in G, is woven from
elementary results on subgroups, centralizers, Lagrange’s theorem, and conjugacy
classes [3]. The equivalent probabilistic statement, PrCom(G) = k /|G|, leads, unsur-
prisingly, to a reassuring result,

G is abelian if, and only if, PrCom(G) =1, (1)
and, pleasantly, to a surprising result,
G is nonabelian if, and only if, PrCom(G) < 5/8. (2)

Another, less precise, way to say this is that either all of the elements commute or at
most 5 /8 of the elements commute. For details of the development of the °5/8-bound’
for commutativity see [5] or pages 329 and 330 of [4].

Here’s another question relating numbers and commutativity: How many distinct
centralizers can a group have? Recall that the centralizer of x in G, denoted by C(x),
is the subgroup of G consisting of all elements that commute with x; ie., C(x)
={y €Glxy =yx}. If we denote the number of distinct centralizers in G by
#Cent(G), then #Cent(G) = [(C(x)|x € G}| and our question becomes “What can we
say about #Cent(G)?" This paper is an itinerary for an excursion in elementary group
theory motivated by this question. Our goal is to provide some answers and some
more questions. We think these are interesting in their own right and useful to those
who teach abstract algebra.

*Work supported by National Science Foundation grant DMS-8922674.
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Since G is abelian if, and only if, C(x) = G for each element of G, we may begin
by stating the analogue of (1).
G is abelian if, and only if, #Cent(G) = 1.
Is there a centralizer ‘gap” for nonabelian groups like the probability ‘gap” between
1 and 5/8?
Tueorem 1. If G is not abelian, then #Cent(G) > 4.
Proof. G is certainly the union of its centralizers. But the center of G,
Z = {zlzx = xz for each x € G} = [ C(x),
re€G
is a subset of each centralizer, so G is the union of its proper centralizers. If
#Cent(G) =2, then G is one of its proper subgroups, which is impossible. If
#Cent(G) = 3, then G is the union of two proper subgroups, say H and K. This is
also impossible because if we choose x € H — K and y € K — H, we have no place to
put xy. For example, xy € H implies y € H because y =x "~ 'xy.
Can #Cent(G) = 4? Yes, the dihedral group on four symbols, D,, and the quater-

nion group of order eight, Q, are groups with exactly four centralizers. For example,
the distinct centralizers of D,, written as unions of right cosets of the center, are

D,=ZUZ-(1,2,3,4) UZ"(1,2)(3,4) UZ-(1,3),
P=2ZUZ(1,2,3,4),

R=ZUZ (1,2)(3,4),

S=ZUZ-(1,3),

where Z = {(1,3)(2,4)).
The essence of this example can be captured graphically, and mathematically:

Zr

Zp VA Zs

Tueorem 2. #Cent(G) =4, if, and only if, G/Z=7Z,® Z,; i.e., G modulo its
center is isomorphic to the Klein four group.

Proof. f G/Z=Z7Z,® Z,, then there are noncentral elements, p, r, and s, of G
such that G=ZUZp U Zr U Zs. Tt follows that the three proper subgroups of G
containing Z are P=ZUZp, R=ZUZr,and S =27 U Zs. Let x be one of p, r, or s
and let X be the corresponding subgroup. Notice that for zx € Zx, G D C(zx) 2 X.
So,

[G:X]=[G:C(2x)][C(2x):X] =2and [G:C(2x)] # 1,
thus C(zx) = X. Therefore the proper centralizers of G are precisely P, R, and S;

ie., #Cent(G) = 4.
For the converse, it is sufficient to show that [G: Z] = 4 because then

either G/Z=Z,®Z, or G/Z=2Z,.
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As G is nonabelian, G /Z cannot be cyclic—G = Z U Zx U Zx* U Zx® implies that G
is abelian—which means the latter case is impossible. So, suppose #Cent(G) = 4 and
let P=C(p), R=C(r), and S = C(s) be the three proper centralizers of G. Since G
can not be written as the union of two proper subgroups and since an element must
belong to its centralizer, we may choose p, r, and s in G—(RUS), G — (P U S), and
G — (P U R), respectively. Moreover, at least one of the proper centralizers, say P,
has index two in G. For otherwise,

|Gl <|P|+|R|+1S| - 2|Z| <IGl/3 +|G|/3 +|Gl/3 — 2 <Gl
Further,
PNR=PNRNS=Z
because if x € (PN R) — Z, then

i) C(x) # G because x € Z,
ii) C(x) # P and C(x) # R because p,r € C(x),
iii) C(x) # S because x & S,

which means that #Cent(G) must be at least 5.
Now we can compute |Z| using the fact that for subgroups X and Y of G,

Xyl _ X1yl

XNY|= > . 3
XY= = e ()

Indeed,

PIIRI _IRI
Gl ~ 2

since |P|=1|Gl|/2. But Z # R, so |Z|=|R|/2. Similarly, |Z| = S|/2. Thus
|Gl =PI +|R|+1IS| - 2|Z| =|Gl/2 + 2|Z| + 2| Z| - 2|Z| = |G| /2 + 2|Z|,

|ZI|=|PNR|>

which implies that |G|/2 = 2|Z|; i.e., [G: Z] = 4, as desired.

Groups for which G/Z=Z, ® Z, are as abelian as a nonabelian group can be in
the probabilistic sense also. To see this, recall that the order of the conjugacy class of
an element is the index of the centralizer of that element. Thus, each conjugacy class
of G is of order one or two. Therefore the number of conjugacy classes in G is

k=1ZI+ (IGI-1Zl) /2 =|Gl/4 + 3|G|/8 = 5|G|/8

and PrCom(G) =5/8. This computation also suggests why PrCom(G) <5/8 for
nonabelian groups: PrCom(G) is as large as possible when the center is as large as
possible and all of the noncentral elements are in conjugacy classes of size two. This
occurs when [G: Z]=4; i.e, when G/Z = Z, ® Z,. The threshold of ‘abelianness’, as
measured by #Cent(G) or PrCom(G), is occupied by the same class of groups:

Tueorem 3. PrCom(G)=5/8 and #Cent(G)=4 are equivalent to G/Z=
2,02,

Some readers may recognize the last two statements in our proof of Theorem 1 and
D, or Q as a solution to an old Putnam problem [6].

Show that a finite group cannot be the union of two of its proper subgroups.
Does the statement remain true if “two” is replaced by “three”?
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Not long after this problem appeared, Bruckheimer, Bryan, and Muir [1] provided an
elementary proof that

A group can be written as the union of three proper subgroups, H, K, and
L, if, and only iff N=HNKNL is a normal subgroup of G and (4)
G/N=2Z,0Z,.

Theorem 2 is seen to be a special case of (4). Indeed, it is an easy exercise to modify
our proof of Theorem 2 and thereby prove (4). However, we chose to give a direct
proof of Theorem 2 to serve as a warm-up for the more complicated proof of

Tueorem 4. #Cent(G) =5 if, and only if, G/Z=Z,®Z, or G/Z =S, where S,
is the symmetric group on three symbols.

Proof. If G/Z=Z,®Z, or G/Z=S,, we may argue as we did in the proof of
Theorem 2. Specifically, if G/Z=S,, then G=ZUZx U Zx2U Zy U Zyx U Zyx>
where x°%, y2, (xy)? € Z. There are exactly four proper subgroups of G properly
containing Z,

ZUZxUZx% ZUZy, ZVU Zyx, Z U Zyx?,

each of which is the centralizer of its noncentral elements because it is abelian and of
prime index in G.

For the converse, suppose #Cent(G) =5 and let P, R, S, and T be the four proper
centralizers of G. It is convenient to weave the proof from a sequence of lemmas.

Lemma 1. No one of P, R, S, or T is contained in the union of the other three.

Proof. Suppose to the contrary, and without loss of generality, that T is a subset of
PURUS. Then, since G=PURUSUT, we must have G=PUR US. It follows
from (4) that G/(PNRNS)=Z,®Z,. So, if we can show PNRN S =2Z, then
#Cent(G) = 4 — a contradiction.

Choose p€P—-(RUS),r€R—(PUS),and s €S — (P U R) such that C(p) = P,
C(r) =R and C(s) = S. This is possible because if, for example, no such p existed,
we would have C(p) =T for each p€P—(RUS); i.e, P-(RUS)CT—(RUS)
and we could interchange the roles of P and T. Now, let x€(PNRNS)—Z and
consider C(x):

C(x) # G because x & Z,
C(x) # T because x ¢ T,
C(x) # P because r,s € C(x) — P,
C(x) # R because p,s € C(x) — R,
C(x) # S because p,r € C(x) —S.
Thus (PNR N S) —Z is empty, and the contradiction, #Cent(G) = 4, follows.

In view of Lemma 1, a proper centralizer, X, contains an element, x, not belonging
to the union of the other three proper centralizers. Thus, C(x) = X.

LeMMA 2. No element of G is in exactly two proper centralizers.

Proof. Suppose, for example, that g€ (PN R) — (S N T). The only candidates for
C(g) are P=C(p) and R = C(r). However, the fact that both p and r are elements
of C(g) means that C(g) can be neither C(p) nor C(r); i.e., (PNR)—(SUT) is
empty.
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A similar proof establishes
LemMa 3. No element of G is in exactly three proper centralizers.

The upshot of these lemmas is that G is ‘almost’ a disjoint union of its four proper
centralizers, each of which is a union of cosets of the center.

R=C(r)

— |- >

~P=C(P) S=C(s)

i T =C(t)

The arithmetical summary is

Lemma 4. |G|=|P|+|R|+I|S|+|T| - 3|Z|.

And so, just as in the proof of Theorem 2, it is essential to constrain |Z|.

Lemma 5. If X and Y are distinct proper centralizers of G, then

IXIY1/IGI <1Z| <IGl/6.

Proof. The lower bound for |Z| follows from (3) because Lemma 2 and Lemma 3
imply Z =X NY. The upper bound follows because [G:Z]> 4 and [G: Z] =5 imply
G is abelian.

To sharpen the lower bound, let’s concentrate on the orders of the centralizers. We
may assume, without loss of generality, that |P|>|R|>|S|>|T|. Thus, Lemma 4 and

the fact that P is a subgroup of G imply |P|=|G|/2 or |P|=|G|/3. Now we can
proceed by cases.

Case. |P|=|G|/2. In this case Lemma 4 guarantees that |R| >|G|/6. On the other
hand, Lemma 5 applied to P and R implies |G|/6 =|G||R|/2IG|, i.e., |IR| <|Gl|/3.
Thus |R| is one of |G|/3, |G|/4 or |G|/5. Reapplying Lemma 5 to P and R vyields
|Gl/10 <|Z| <|G|/6. Thus, |Z| is one of |G|/6, |G|/8, or |Gl|/10, because Z is a
subgroup of P.

i) Let |Z| =1G|/6. The only choices for G/Z are S; and Zg, so G/Z is S;. Recall
that if G/Z is cyclic, then G is abelian.

ii) Let |Z|=|G|/8. Since Z is a subgroup of R, |R|=|G|/4. It follows from
Lemma 4 that |S| +|T| = 5|G|/8, which is impossible because |S|, |IT| <|G|/4.

iii) Let |Z|=IG|/10. Since Z is a subgroup of R, |R|=|G|/5. It follows from
Lemma 4 that |S| +|T|= 7|Gl|/10, which is impossible because |S|, |T| <|Gl|/5.

Case. |P|=]|Gl|/3. Applying Lemmas 4 and 5, as in the previous case, yields
IGl/4 <|RI<|Gl/3 and |Gl/12 <|Z|<|CI/6.

And again, the fact that Z is a subgroup of P enables us to restrict |Z| to one of
IGl/6, 1Gl/9, or |Gl/12.
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i) Let |Z| =|Gl/6. The only choices for G/Z are S; and Zg so G/Z is S,.

ii) Let |Z|=1Gl|/9. The only choices for G/Z are Zy and Z,®Z; so G/Z is
7,07,

iii) Let |Z|=|G|/12. If |R|=|Gl|/3, then Lemma 5 applied to P and R yields the
contradiction |Z|>|G|/9. If |R|=|G|/4, Lemma 4 implies that |S|+|T|=2|G|/3,
which is impossible because |S|, |T| < 1/4.

A connection with PrCom(G), while looser, still exists when Cent(G)=>5. For
example, if G/Z =S, there are |Z| conjugacy classes in Z, |Z| conjugacy classes in
Zx U Zx? and |Z| conjugacy classes in Zy U Zyx U Zyx2 so PrCom(G) = 1/2. Simi-
larly, if G/Z=Z,® Z,, PrCom(G) = 11 /27. Conversely, there is an elementary, but
subtle, proof that PrCom(G) = 1/2 implies G/Z = S, [8]. And, if PrCom(G) = 11/27
and the smallest prime divisor of |G| is three, then G/Z=Z,® Z,.

The proof of the previous statement is lurking in the paragraph preceding Theorem
3. Well, what's really lurking there is a proof of a more general result: If the smallest
prime divisor of |G| is p, then PrCom(G) = (p%+p —1)/p® if, and only if, G/Z =
Z_ & Z . How many centralizers does such a group have? For p = 2 and for p =3 we
have shown that the answer is #Cent(G) = 4 and #Cent(G) = 5, respectively. These
results are special cases of

TueoreM 5. Let p be a prime. If G/Z=7,8 Z,, then #Cent(G)=p +2. If p is
odd and G/Z = D, then #Cent(G) =p + 2.

Proof. A quick check of our proofs of Theorems 2 and 4 will convince you that the
crucial observations are

i) each proper subgroup of G properly containing Z is abelian and of prime index
in G (i.e., it is a centralizer) and

ii) both Z,®Z, and D, (p odd) have exactly p + 1 proper subgroups.

So, if for each prime there are groups satisfying the hypothesis of Theorem 5, we
can make #Cent(G) as large as we like. For p =2, D, and Q will do. If p is an odd
prime, we can use D, since it has a trivial center, or either of the two groups of
order p3,

{a,bla”*=e,b?=¢ and b~ lab=al*P),
{a,b,cla? =bP=c?=e, ab=bac,ca=ac and c¢b=bc),
since their centers must be of order p.

Question. Can we make #Cent(G) anything we like; i.e., if n is a positive integer
other than two or three, does there exist a group with n = #Cent(G) centralizers?
Which values of #Cent(G), other than 4 and 5, characterize G?

It is interesting (or embarrassing) to note that one of our choices for making
#Cent(G) arbitrarily large is the class of ‘most abelian’ nonabelian groups (G/Z =
Z,®Z,) and the other is a class of “fairly” abelian groups (D,). We say that D, is
“fairly” abelian because PrCom(D),) is bounded below by 1,/4 (PrCom(D,) =k/2p =
1/4 + 3/4p). Here’s an attempt at saving face: Normalize #Cent(G) by defining

PrCent(G) = #Cent(G) /IGl.
Then, for the ‘most abelian’ nonabelian groups
PrCent(G) = (p +2) /p*|ZI=1/plZ| + 2/p*|ZI,

which decreases monotonically and reassuringly to 0 (the limiting value of PrCent(G)
for abelian G) as p approaches infinity. Could it be that PrCent(G) approaches zero
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as |G| approaches infinity for arbitrary G? No, not even for our class of ‘fairly’ abelian
groups because PrCent(D,) is bounded below by 1/2. But, we can get a ‘5/8-like’
bound for PrCent(G).

Tueorem 6. Let p be the largest prime divisor of |Gl.

1/2, ifp=2.
PrCent(G) <
ent(G) {3/4+ 1/4p, ifpisodd.

Proof. Our strategy is to find a tractable partition of G that is compatible with the
partition of G that is created when elements are assigned to their centralizers. If
p =2, then G is a 2-group and has a nontrivial center. Since elements in the same
coset of the center have the same centralizer, the cosets of Z will do:

PrCent(G) < [G:Z]/IGI=1/IZ| < 1/2.

If p is odd we aren’t guaranteed the existence of a nontrivial center. However,
Cauchy’s theorem guarantees the existence of an element of order p. Such an element
is distinct from its inverse, but, as is the case for all group elements, has the same
centralizer as its inverse. The partition we are looking for has sets of the form {x, x ™1}
as its components. Unfortunately, some of these components may consist of only one
element. This occurs if, and only if, x>=e¢; i.e, x =€ or x is an involution. Let’s
denote the number of such elements in G by #Inv(G) and summarize:

#Inv(G) <|Gl,
#Cent(G) < #Inv(G) + (|G| — #Inv(G)) /2 = (#Inv(G) +1Gl) /2.
It follows that
PrCent(G) <1/2 + #Inv(G) /2|Gl. (5)
And, it is known that if not all elements of G are involutioné, then
PrInv(G) = #Inv(G) /IGl < (p + 1) /2p. (6)

Our result follows immediately from (5) in conjunction with (6).

The result quoted in (6) first appeared in an article published by G. A. Miller in
1905 [7]. We choose not to repeat any of the details here because Miller’s paper is
perfect reading for a beginning abstract algebra student—elementary and (old
enough to be) refreshingly wordy.

While the bounds established in Theorem 6 are sharp for p =2 (PrCent(D,) =
PrCent(Q) = 1/2) and for p =3 (PrCent(S;) = 5/6) that is not the case for p > 3.
Indeed, if PrCent(G) =3/4 + 1/4p, then PrInv(G) must also be a maximum; i.e.,
PrInv(G) = (p + 1)/2p. This is precisely the value of PrInv(D,). A coincidence? No,
Miller’s paper also establishes that if Prinv(G) = (p + 1) /2p, then

G=D,0Z,0Z,0 - ®Z,. (7)

Fortunately, #Cent(G) is a multiplicative function; i.e., the number of distinct
centralizers in a direct sum is the product of the numbers of centralizers in each
factor. Thus, for G as in (7), #Cent(G) = #Cent(D )=p +2 and so PrCent(G) =
(p + 2)/2pp’ where j is the number of times Z, occurs as a direct factor in G. It is
easy to check that (p +2)/2pp’ is as large as 3/4 + 1/4p if, and only if, p = 3 and
j=0. Theorem 7 and the succeeding questlon are natural corollaries to Theorem 6
and this discussion.
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TueoreMm 7. PrCent(G) <5/6 and PrCent(G) =5/6 if, and only if, G = S,.
Question. Is it true that PrCent(G) < 1/2 unless G is Q or D,?

We close by proposing two class discussion topics that are suggested by viewing
the centralizer of an element as the stabilizer of that element under the action of G
on itself by conjugation:

C(x)={y€Glry=yx} = {y €Gly 'ay =x}.

i) Let G act on its set of subgroups by conjugation. The stabilizer of a subgroup H
is referred to as the normalizer of H:

N(H) ={y € Gly~'Hy = H}.

How many normalizers can a group have? It’s a classic result (see pages 138—140 of
[10]) that G has exactly one normalizer (i.e., each subgroup of G is normal) if, and
only if, G is abelian or Dedekind—the direct sum of Q, an abelian group in which
each element is of order two and an abelian group in which each element is of odd
order. Can a group have exactly two normalizers? Yes, here’s an example,

Z,®(a,bla®=e,b*=¢,and b~'ab=a"*) @ Q, (8)

constructed from groups we have mentioned in this paper. It was shown just recently
[9] that all groups with exactly two normalizers ‘resemble’ this example; i.e., for some
prime p, G is (loosely speaking) isomorphic to a direct sum of an abelian group of
order p*, a so-called metacyclic group of order p’, and a Dedekind group whose
order is not divisible by p.

A slight abuse of terminology enables us to refer to the normalizer of an element:

Norm(x) = N({x) = {y € Gly (x)y = (x>} = {y € Gly'xy = x for some j}.
And then, as with centralizers of elements, we set
#Norm(G) = [{ N(x)lx € G}| and PrNorm(G) = #Norm(G) /IGl.

What can one say about #Norm(G) and PrNorm(G)? Well, there is not a ‘gap’ for
#Norm(G) because #Norm(G) = 2 for the group defined in (8). On the other hand,
it isn’t clear that #Norm(G) = 2 implies that G has exactly two normalizers. Even if
it does, the characterization that appears in [9] is long and hard, particularly when
contrasted with our characterization of those groups with #Cent(G) = 4, so moving to
#Norm(G) = 3 could be tough. But C(x) is a subgroup of N(x) and N(x) = N(x~1),
so all isn’t lost.

ii) Let G be a finite abelian group and let A be its automorphism group [11]. The
stabilizer of—well, just have your students take it from here.
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On Length and Curvature
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It is visually obvious that for any positive integer n the graph of the function
f(x)=x""' is longer than the graph of g(x)=x" over the interval [0,1]. This
observation is posed as a problem in the first edition of Marsden and Weinstein’s
calculus book ([1], p. 468). A nice proof can be given using the basic differential
geometry of plane curves, which many students encounter in calculus. In this note,
we discuss this proof as an application of curvature to a problem where it may not be
thought to be the natural tool.

A first attempt to prove the required inequality is likely to be by a comparison of
the two arc-length integrals. But this approach is not fruitful, since the arc-length

integrand 1 + (n + 1)2x2 for f does not always exceed the integrand V1 + n?x2"~2
for g. Indeed, the graph of f rises more slowly than that of g near 0 but then catches
up before reaching 1. A more subtle comparison is necessary, one that relates the two
curves along the normal to one of them.

We wish to make precise the following heuristic argument. The functions f and g
have the same values at 0 and 1; f always lies below g on (0, 1); so the convexity of g
should imply that f is longer. But how does one measure convexity in a useful way?
It turns out that the concept of curvature is exactly right for this purpose.

Let X(s) denote the arc-length parametrization of the curve y =x" for 0 <s <s,
with X(0) =(0,0) and X(sy)=(1,1). Recall that this represents the curve as a
vector-valued function with derivative X'(s) equal to a unit tangent vector T(s) for
each s. Let N(s) denote the unit normal vector oriented at a right angle counterclock-
wise from T(s). Differentiation of the equation |X'(s)| =1 shows that X"(s) is
orthogonal to T(s); thus it must be a multiple of N(s). The proportionality factor is
the signed curvature k(s), defined as ¢'(s), where ¢(s) is the angle that T(s) makes
with the horizontal (see Ficurg 1). In symbols X”(s) = k(s)N(s). A related equation
is N'(s) = —k(s)T(s), which follows in the same way from differentiating |N(s)| = 1.
The convexity of the curve is then expressed by the inequality k(s) > 0. For a nice
development of the elementary differential geometry of plane curves using these
conventions see, for example, [2, p. 531-535].

We now consider a parametrization of y =x"*! derived from X(s) as follows. Let
Y(s) denote the point on the graph of f obtained by intersecting this graph with the

N T(s)
o(s)

X(s)

FIGURE 1
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normal line to y =x" at X(s) (see Ficure 2). Then Y(s) = X(s) — a(s)N(s), where
a(s) is a positive function because the graph of f lies below that of g for 0 <s <s,.
Notice that despite the variable name, Y(s) is not an arc-length parametrization of
y=x""1, since the length of the tangent vector Y’(s) will generally not be one.
Everything else in the equation depends smoothly on s, so the function a(s) must be
continuously differentiable. Thus Y'(s) = X'(s) — a’(s)N(s) — a(s)N'(s). But N'(s)

= —k(s)T(s) as noted above, so Y'(s) = (1 + a(s)k(s))T(s) — a’'(s)N(s); whence

1Y/ ()l = V(1 +a(s)k(s))2+a(s)?.

Thus for all s in (0,s,) we have that 1 = |X'(s)| < |Y'(s)l, since both a(s) and k(s)
are positive. Recall that the usual arc-length formula holds whether or not the curve

is parametrized by arc length. Thus integration gives f |X'(s)| ds < f |Y(s)| ds,
which establishes the desired inequality for the lengths of the graphs of f and g.

X@) Y(s)

FIGURE 2

This argument generalizes to show that any (rectifiable) curve connecting the
endpoints of a smooth convex curve and lying below it will be longer than the original
curve. As in the special case above, the convexity implies that k(s) >0 and the
relative position of the two curves is expressed by the sign of a(s). Of course, the
proof works just as well if both k(s) and a(s) are negative, the case of a curve lying
above a concave curve.

A key point in this argument that often is not emphasized in a calculus course is
that curvature is the intrinsic measure of convexity for a curve, i.e., the measure of
how fast the curve is bending away from its tangent line. For the curve y = g(x) the
curvature k at x can be computed in terms of derivatives of g by the formula
k(x)=g"(x)/(1 + g'(x)?)3/% Notice that it is k that gives real geometric information
about the graph of g (though of course the sign of g” does indicate convexity versus
concavity).

We do not see an easy way to relate the lengths of two such curves without using
differential geometry. It would be interesting to find a conceptually different ap-
proach.
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How Much Search is Enough?
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Introduction Many students may regard the derivation of the distributions of the
maximum and minimum values in a random sample to be just a technical exercise
(see [2]). There are, however, many interesting economic applications of these
distributions. We consider the problem of a consumer searching for the lowest price
for a product and a similar example in which an unemployed job seeker searches for
the highest wage rate. As will become apparent, these two examples possess a
common structure.

Searching for the lowest price Suppose that a consumer faces a distribution of
prices for a particular product. Assume that the consumer wants to buy just one unit
of the product no matter the price. Different stores charge different prices. It is
assumed that the consumer knows the distribution of price, but does not know,
without searching, which stores are charging which prices. The problem is to
determine how many stores the consumer should consult before buying.

Assume that each search (i.e. each price encountered) is an independent random
variable from the known distribution of prices. Let f(p) be the known probability
density function (p.d.f.) of prices (0 < p < ®) with F its distribution function (d.f.).
Let M, be a random variable defined as M, = min{p,,..., p,}. That is, M, is the
minimum price encountered after n searches. The d.f. of M, is G, (p)=1-[1—-
F(p)]". For any random variable X that can take on only nonnegative values, the
expected value of X is

E(X) = [xf(x)dr= [ [1-F(x)] dx.
0 0
The expected value of M, after n searches is then
E(M,) = [ [L=Gyu(p)] dp
0

= [ L=F()]" dp.
Should the consumer make one additional search? Let

M, = min{py,.... P, Ppi1)-

The expected value of M, , | after (n + 1) searches is

E(M,1) = [ 1= F(p)]" " dp.

The expected gain, i.e. saving in price, is

sy =E(M,) = E(M, 1) = ["[1= F(p)]"F(p) dp. ®
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Suppose that the cost of making one additional search (time, transportation costs,
etc.) is a constant, ¢. The consumer should engage in additional search as long as the
expected saving in the form of a lower price exceeds ¢, i.e., s, > c¢. Since [1 — F(p)]"
and F(p) in (1) are both between 0 and 1, the expected gain is nonnegative, but
decreases with n. There is a maximum value of n (call it n*) such that s, ,, <c <s,,

. at which point it will not pay to engage in additional search. Thus the rule is to search
n™* stores and choose the minimum price of the n* prices encountered. This model is
due to Stigler [3]. Note that the optimal number of searches, n*, can be determined
before the search even begins.

This rule however suffers from one important drawback. Since the consumer is
assumed to know the distribution of prices, he should recognize a good price when he
sees one. The consumer can do better by using the information from the search as it
occurs. As we will now show, a better rule is to select a price r and buy at the first
store that charges a price no greater than r. We will now proceed to discuss how to
determine r.

Let m be the minimum price so far obtained after n searches and p be the price
encountered on the (n + Dth search. If p <m, then the gain from one additional
search is m —p. If p>m, then the gain from one additional search is 0 (the
consumer will ignore it). The expected gain s, from one additional search is

s,.=f0m(m—p)f(p) dp

=f0'"F(p) dp = h(m)

on performing integration by parts.
The consumer should engage in additional search as long as h(m) > c¢. By Leibniz’s
rule

dhim) _ a%jo'"p(p) dp=F(m) > 0.

So since m is non-increasing in n, h(m) is non-increasing in n. There is a maximum
value of n and a corresponding value of m (call it r) such that

h(r) = [F(p)dp>e, 2

at which point it will not pay to engage in additional search.

That is, the optimal strategy is to search until a price no greater than r is
encountered. Note that r is established (from (2)) before the search even begins. The
value of r depends on ¢ as well as the shape of the distribution of prices, F. This
model of search (in a job search context) is due to McCall [1].

The framework we have discussed can be used to elucidate a variety of observed
market phenomena. For example, consumers typically search longer for a new car
than for candy (because the expected saving is greater for a car) and full-time workers
typically search less than students for the same product (because the cost in terms of
foregone income from not working is greater for full-time workers).

Searching for the highest wage rate Now consider the problem of a person who is
looking for a new job. Assume that the person knows the distribution of wage rate
offers, but does not know, without searching, which employers are offering which
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wage rate offers. The problem is to determine how long (i.e., how many searches) the
person should spend in looking.

Assume that each search (i.e. each wage rate offer encountered) is an independent
random variable from the known distribution of wage rate offers. Also assume that
previous wage rate offers remain open to the person and that the cost of making one
additional search is a constant.

This example is conceptually similar to that of the consumer example. It can be
verified that there is again an optimal number of searches to make. It is, however,
more realistic to assume that the person will take into consideration the wage rate
offers that he has already encountered in deciding whether to make an additional
search. It can also be verified that a better rule is to select a wage rate R and accept
the first job paying at least R.
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In this note we pose a pair of seemingly disparate problems, one from probability and
the other from dynamical systems. We will show that these two problems are actually
one—i.e., their solutions are identical and each, surprisingly, involves the Fibonacci
numbers. The dynamical systems problem is new. Variants of the probability problem
have been around for centuries. The oldest reference we have found is Problem
LXXIV in Abraham De Moivre’s The Doctrine of Chances [3], the first edition of
which appeared in 1718. (See [6] for a treatment of De Moivre’s formulation with a
more modern flavor.) After solving both problems and finding the connection between
them, we will mention some simple generalizations.

Suppose we are asked to flip a fair coin repeatedly until two consecutive heads
appear. What is the probability that this will ever occur? And, more specifically: What
is the probability that it will occur in exactly n tosses? The dynamical systems
problem arose during the second author’s dissertation research [1, 5]. If f(x)=2x
(mod 1), for x €[0, 1), where are all the points that visit [3 /4, 1) for the first time after
exactly n iterations of f(x)? That is, let A, ={x| f"(x) €[3/4,1), and n is minimal
with respect to this property}. What is the geometry of A ? Is it the case that
U%_0A, =[0,1)? We note that f™(x) denotes the composition fo fo fo -+ o f(x),
of n copies of f.

A moment’s thought should convince you that the probability of seeing two heads
in a row in the coin flipping problem is very large. Is it one? Represent a sequence of
tosses by a sequence of H’s and T’s in the obvious way. Call a sequence n-allowable
if it ends the coin tossing after n flips, i.e., has ‘HH’ as its last two letters and no
earlier occurrence of this string. Since all sequences are equally probable, the
probability of stopping after n tosses is the number of n-allowable sequences (call
this a,) divided by 2". To count the n-allowable sequences notice that every
n-allowable sequence is of one of two forms: a ‘T followed by an (n — 1)-allowable
sequence, or, an ‘HT followed by an (n — 2)-allowable sequence. Moreover, append-
ing ‘T to the beginning of any (n — 1)-allowable sequence yields an n-allowable one,
as does appending ‘HT’ to any (n — 2)-allowable sequence. Therefore, a,=a,_, +
a,_, and a,=a;=1. Thatis, a,, is the (n — 2)™! Fibonacci number. The probability
of stopping after n tosses is then a,/2", and the probability of ever stopping is
T _,a,/2" We expect that this sum must converge to one: We'll prove this
momentarily. .

To solve the dynamical systems problem, it pays to work in dyadic expansions. If
.101101... is the dyadic expansion of x, then .01101... is the dyadic expansion of

"Much of the work in this paper was performed while the author was a postdoctoral visitor at the
University of Delaware.

2The author acknowledges the support of The Institute for Mathematics and Its Applications, University
of Minnesota.
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f(x) (f(x) “forgets” the first digit of x’s dyadic expansion). Any number in [3/4,1)
has one as the first two digits of its dyadic expansion, therefore a number that visits
this interval for the first time after n iterations of f must have the string ‘11’ in its
(n+ 1D* and (n + 2)™ places and no earlier occurrences of this string. The number
of different (n + 2)-length strings that could begin the expansion of a point in A, is
equal to the number of (n + 2)-allowable words in the coin flipping problem. The
collection of points that have a specified (n + 2)-length string at the beginning of
their expansion is an interval of length 1,/2"*2. Therefore, A, is a collection of a,,, ,
disjoint (why?) intervals each of this length. If n#m, then A, NA,, =@ and the
length of U%_oA, =X%_a,../2" "2, a reindexing of the earlier sum.

As we shall see, this converges to one, however, not every point eventually maps
into [3/4,1). For example, 1/3=.010101..., f(1/3)=.101010...=2/3, and
f(2/3) =1/3. In some sense these points correspond to coin flipping sequences that
never terminate (e.g., HTTHTT...), but we have some extra structure in this
situation. The set [0, 1) inherits a topology as a subset of the real line and we have a
function, f(x), which is invariant on the set of points that never visit [3/4,1).
(Invariant means if x is a point in this set, then f(x) is also.) In this topology our set
is a Cantor set and together with f(x) forms a chaotic dynamical system [4].

To prove that ¥5,_,a,/2" =1, first notice that by the ratio test the sum does
converge. Let

S=i+3+2+5+&+
R
38=1+2+21+5+2+

=25—3
=S=1.

This is quite remarkable—the sum whose i" term is the i Fibonacci divided by
2i*2 converges to one! That we can even find the number to which this series
converges is unusual; that its sum is the simplest rational seems miraculous. The
explanation for this miracle lies in the so-called “generating function” for the
Fibonacci numbers. Let g(x) be the function whose power series expansion has nt
term the n™ Fibonacci number times x". It can be shown relatively easily that [2]:

o . l
g(x) ngoan+2x l_x_xz'
Our series is (1/4)g(1/2) = 1.

De Moivre [3] asked for the probability of observing three consecutive heads in a
sequence of 10 flips. More generally, what is the probability of seeing m consecutive
heads in exactly n flips? For three consecutive heads the numbers of n-allowable
words are 1,1,2,4,7,13,... . The recursion relation is ¢, =a,_, +a,_, +a,_3. The
proof is a slight modification of the original: We can append a “T" onto any
(n — 1)-allowable word, an ‘HT onto any (n — 2)-allowable word, or an ‘HHT onto
an (n — 3)-allowable word. If we form the power series whose n'" term is a,_, times
x", we get the generating function g(x)=1/(1 —x —x%—x3). Notice that
(1/8)g(1/2) = 1, the probability of ever seeing three heads is one. Table 1 lists the
first few terms, the recursion relation, and the resulting generating function for
m=1,2,3,4,5. The patterns persist.

In solving these problems we have also solved the corresponding dynamical
systems problems: What is the set of points that visits [1 — 1,/2™, 1) after n iterations
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of f(x)? If we ask what happens if we have a p-sided coin and we want two
consecutive heads, the results are summarized in Table 2. Again, it is not difficult to

prove that the patterns persist.

TABLE 1
m Terms Recursion Generating Function
1 1,1,1,1,1,... a,=a,_, g =15
1
2 1,1,2,3,5,8,... =a, ,+a,_ x)=——
an an 1 an 2 gx 1_x_x2
1
3 1,1,2,4,7,13,... Z=a,_,ta,_,+a,_ =
a,=a,_,+a, ,+a, 5 glx) P
1
4 1,1,2,4,815,29,... a,=a _,+ " +a,_, g(x)=1_x_x2_x3_x4
1
5 1,1,2,4,8,16,31,... a,=a,_,+ ' +a,_ (x)=
a,—) 5 & l—x—x2— 23— x4_ 45
TABLE 2
p Terms Recursion Generating Function
1
2 1,1,2,3,5,8,... a,=a,_,+a,_, glx) = ———
l—x—x
1
3 1,2,6,16,44,... a,=2a,_,+a,_ )=——
Gn-1 2) i gy
1
4 1,3,12,45,171,. .. a,=3a,_,+a,_ x)=
ety g =TT
1
5 1,4,20,96,464, ... a,=4a,_,+a,_,) g(x) = P>

The reader is urged to consider the problem of obtaining m consecutive heads
from a p-sided coin. Also, the numbers obtained by finding the limits of quotients of
consecutive terms for the various values of p have many nice properties, analogous to

properties of the golden mean (p = 2).

Acknowledgement. The authors would like to thank the many people whose advice and suggestions
contributed to this note: R. O. Young, W. T. Butterworth, R. Holmgren, and R. F. Williams who started it

all.
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A Powerful Procedure for Proving
Practical Propositions

SOLOMON W. GOLOMB

University of Southern California
University Park, CA 90089-2565

Dedicated to Martin Gardner

The eminent Oxford don, Charles Lutwidge Dodgson, more widely known as Lewis
Carroll, demonstrated the applicability of formal mathematical reasoning to real-life
situations with such incontrovertible rigor as evidenced in his syllogism:

“All Scotsmen are canny.
All dragons are uncanny.
Therefore, no Scotsmen are dragons.”

While his logic is impeccable, the conclusion (that no Scotsmen are dragons) is not
particularly surprising, nor does it shed much light on situations that we are likely to
encounter on a daily basis.

The purpose of this note is to exploit this powerful proof methodology, introduced
by Professor Dodgson, to a broader range of human experience, with special emphasis
on obtaining conclusions having political or moral significance.

THEOREM 1. Apathetic people are not human beings.
Proof. All human beings are different.
All apathetic people are indifferent.
Therefore, no apathetic people are human beings.

THEOREM 2. All rude people are irrelevant.

Proof. All relevant people are pertinent.
All rude people are impertinent.
Therefore, no rude people are relevant.

THEOREM 3. All incomplete investigations are biased.

Proof. Every incomplete investigation is a partial investigation.
Every unbiased investigation is an impartial investigation.
Therefore, no incomplete investigation is unbiased.

Numerous additional examples, closely following Dodgson’s original model, could
be adduced. However, our next objective is to broaden the approach to encompass
other models of mathematical proof. For example, it is a well-established principle
that a property P is true for all members of a set S if it can be shown to be true for
an arbitrary member of the set S. We exploit this to obtain the following important
result.

TueoreMm 4. All governments are unjust.

Proof. To prove the assertion for all governments, it is sufficient to prove it
for an arbitrary government. But if a government is arbitrary, it is
obviously unjust. And since this is true for an arbitrary government, it
is true for all governments.

Finding further theorems of this type, and extending the method to other models of
mathematical proof, is left as an exercise for the reader.
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PROBLEMS

LOREN C. LARSON, editor
St. Olaf College

GEORGE GILBERT, associate editor

Texas Christian University

Proposals

To be considered for publication, solutions
should be received by May 1, 1995.

1459. Proposed by D. M. Bloom, Brooklyn College of CUNY, Brooklyn, New York.

The now notorious Newman-Conway sequence 1,1,2,2,3,4,4,4,5,6,7,7,... is
defined by the recurrence P(1)=P(2)=1, P(n)=P(P(n— 1))+ P(n— P(n— 1)),
(n = 3). Richard Guy, in this MacaziNg, February 1990, p. 17, wrote: “I have an
earlier manuscript of Conway in which he has written ‘P(2F) = 2%~! (easy), P(2n) <
2P(n) (hard),...”.” Prove Conway’s “hard” inequality: P(2n) <2P(n).

1460. Proposed by Doru Popescu Anastasiu, Slatina, Romania.

Let ABC be an acute triangle with altitudes AA', BB',CC’. Let A,, B,,C, be the
second intersection points of lines AA’, BB’,CC’ with the circumcircle of triangle
ABC. Show that

AA%sin2A + BBEsin2B + CC{sin2C > 24 S,

where S, denotes the area of triangle A'B'C’.
1461. Proposed by Viclav Konelnyj, Ferris State University, Big Rapids, Michigan.

Given the vertices V|, V, and foci at F,, F, of two parabolas with the same axis,
construct a common tangent, if one exists, using only a compass and straightedge.
Assume that the unit of length is given.

ASSISTANT EDITORS: Crirron Corzat, BrRuce Hanson, Ricuiarp KrLeser, Kay Smirn, and
Tueopore VEssey, St. Olaf College and Mark KruseMEYER, Carleton College. We invite readers to submit
problems believed to be new and appealing to students and teachers of advanced undergraduate mathemat-
ics. Proposals should be accompanied by solutions, if at all possible, and by any other information that will
assist the editors and referees. A problem submitted as a Quickie should have an unexpected, succinct
solution. An asterisk (*) next to a problem number indicates that neither the proposer nor the editors
supplied a solution.

Solutions should be written in a style appropriate for Mathematics Magasine. Each solution should begin
on a separate sheet containing the solver’s name and full address.

Solutions and new proposals should be mailed in duplicate to Loren Larson, Department of Mathematics,
St. Olaf College, 1520 St. Olaf Ave., Northfield, MN 55057-1098 or mailed electronically via fax: (507)
663-3549 or e-mail: larson@stolaf.edu.
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1462. Proposed by Arthur L. Holshouser and Benjamin G. Klein, Davidson College,
Davidson, North Carolina.

Let A be a given positive number. Let p(x) = ax® + bx + ¢, where a, b, and ¢ are
nonzero real numbers. Assume that no roots of p(x) lie on the line A ={t +iAt:
t € R}. Find' a homogeneous fourth degree polynomial H,(a,b,c) such that the
number of roots of p(x) that lie below A is given by

__sgn(ab) +sgn(Hy(a,b,c))
5 .

1463. Proposed by Christos Athanasiadis, Massachusetts Institute of Technology,
Cambridge, Massachusetts.

Let n be a positive integer. For any partition A of n and any 1<i<n, let
m; =m;(A) be the number of i’s in A. Also let z, be the quantity 1"1m,12™2m,! - - -
n™sm,]. Show that, for 1 <k <n,

Z mi(A)

z
Abn A

_1
Tk

where, in the summation, A runs over all partitions of n.

Quickies

Answers to the Quickies are on page 390.

Q826. Proposed by Murray S. Klamkin, University of Alberta, Edmonton, Alberta,
Canada.
Which of the two integrals

1 1/s 1 1/r
f (Vl +x% tan? & —x’seca) dx, f (Vl +x2 tan? & —xsseca) dx
0 0

is larger, given that r > s> 0, and 7/2 > a > O?

Q827. Proposed by Herbert Giilicher, Westfilische Wilhelms Universitit, Miinster,
"Germany.

For a;;>0, i,j=1,2,3, assume a; +a;+a;3=1 and a;; =a,, 3, where addi-
tion of subscripts is taken modulo 3. Prove that

a; +ag tag =1 if, and only if, ———3“221231 =
12022032
Q828. Proposed by Ismor Fischer, University of Wisconsin, Madison, Wisconsin.
Let f(x) be a continuous, differentiable function, concave down on the interval
[a, b]. Find the point ¢ € (a, b) such that the combined area of the two inscribed
trapezoids yields the best approximation to [’f(x)dx. (A similar question may be
asked for f(x) concave up.)
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Solutions

Divisibility Condition December 1993

1433. Proposed by Cristian Turcu, London, England.

For n>1,let a,,b,, c, be nonzero integers, and suppose there are indices s and ¢
such that la,c, —a,c,| = 1. Let P, denote the set of nonzero rational numbers x such
that (a,x% +¢,) /b, x is an integer. Prove that N%_,P, # O if, and only if, b, divides
a,+c, for each n>1.

Solution by Walter Blumberg, Coral Springs, Florida.

Suppose b, divides a, + ¢, for each n > 1. It is then obvious that x = 1 belongs to
P, for each n>1, so that N5 _,P, # .

Conversely, suppose that N5 _,P,# . Then there exists a nonzero rational
number x which is a member of P, for each n> 1. We may assume that x is
positive, since if x is a member of P,, so is —x. Let x =u /v, where u and v are
relatively prime positive integers. Then for n > 1,

a,(u/v)’ +c, au’+c,o’

b(u/0) | buw

is an integer. Thus, uv divides a,u®+ c,v% Since ged(u,v) =1, it follows that u
divides ¢, and v divides a,. Consequently, uv divides a,c, — a,c,, and hence, by our
assumption, uv divides 1. This implies that © = v = 1, and therefore, x = 1. Thus, we
have shown that for each n > 1, (a, +¢,)/b, is an integer, or equivalently, that b,
divides a, + ¢,. This completes the proof.

Also solved by Aardvark Problem Solving Group (Trenton State College), ]J. Binz (Switzerland), Con
Amore Problem Group (Denmark), Furman University Problem Solving Group, Richard Heeg, Hans
Kappus (Switzerland), O. P. Lossers (The Netherlands), David E. Manes, F. C. Rembis, Heinz-Jiirgen
Seiffert (Germany), John S. Sumner, Trinity Univeristy Problem Group, A. N.’t Woord (The Netherlands),
and the proposer.

Ring Homomorphisms and Carmichael Numbers December 1993

1434. Proposed by Syd Bulman-Fleming and Edward T. H. Wang, Wilfrid Laurier
University, Waterloo, Ontario, Canada.

Let Z, denote the ring of integers modulo n, n > 1. Consider the function
f1Z,—>Z, defined by f(x) =x" for all x €Z,. Characterize those values of n for
which f is a ring homomorphism.

Solution by David Callan, University of Wisconsin, Madison, Wisconsin.
If f is a homomorphism, then f(1 + 1) =f(1) + f(1), hence 2" = 2 (mod n) and, by
induction,

a"=a(modn) forall a. (1)

Conversely, if (1) holds, then clearly f is a homomorphism. Now (1) certainly holds
for n prime (Fermat’s Little Theorem). The composite “pseudoprime” numbers for
which (1) holds are called Carmichael numbers. The first few are 561, 1105, 1729,
2465. They have a well-known description as {n: n is squarefree, and (p — 1) divides
n — 1 for each prime p that divides n}. (See [1] for information about Carmichael
numbers.) Recently it has been shown [2] that there are infinitely many Carmichael
numbers.
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Also solved by Aardvark Problem Solving Group (Trenton State College), Brian D. Beasley, Ruth I.
Berger, Gary F. Birkenmeier, Ron Martin Carroll, Con Amore Problem Group (Denmark), Bill Correll, Jr.
(student), Michael W. Ecker, F. ]. Flanigan, Furman University Problem Solving Group, Lee O.
Hagglund, Richard Heeg, John Koker, H. K. Krishnapriyan, Francis C. Leary, O. P. Lossers (The
Netherlands), Mihalis Maliakas, David E. Manes, John D. O’Neill, Richard F. Ryan, Arlo W. Schurle
(Guam), R. P. Sealy (Canada), Adam William Sembrato, Lawrence Somer, Trinity University Problem
Group, A. N.’t Woord (The Netherlands), and the proposer. There was one unsigned solution.

Inequality between Two Sets of Points on a Sphere December 1993

1435. Proposed by Florin S. Pirvdnescu, Slatina, Romania.

Let A,,..., A, be points (n > 3) on the sphere S(O, R) of radius R and center O,
and let G be their centroid. Let M be an arbitrary point in the sphere having OG as
a diameter, and let B, be the other intersection of MA, with the sphere S(O, R).
Show that

Y MB,> Y MA,.
k=1 k=1

Solution by Jiro Fukuta, Kamimakuwa, Shinsei-cho, Gifu-ken, Japan.

We will show that the result holds more generally for points on a hypersphere in
n-dimensional space. For brevity, we assume that PQ, etc., denote lengths of the
segments PQ, etc. Also, u-v and [lull will denote the inner product and the
associated norm, respectively.

By the chord theorem of the hypersphere,

A M-BM=R®—OM?>R%- (OG:-MG?), k=1,2,...,n, (1)
since M is in the hypersphere with diameter OG. Also,

nR*= Y 0A2= Y llOA,lI> = ¥ 0G + GA,|I*

i=1 i=1 i=1

=nOG2+2 ) OG- GA,+ Y. GA?
i=1 i=1
=n0G?+ ) GA?
i=1
since L!_,GA,; = 0 by definition of G. Whence
R®-0G?= % Y. GAZ.
i=1
Substituting this equality into (1), we have
A M-B.M> % Y GA2+ MG?, k=1,2,...,n.
i=1
Dividing by A; M and summing over k yields

Y BkMz;ll- YAM 'Y GA2+ MG Y, ALML (2)
k=1 k=1 i=1 k=1
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But

Sr
Q

-,
Il
—

= Y IGAIP= Y IIGM + MA,|I?
i= i=1
=nGM?>+2 ) GM-MA,+ ), MA®
i=1 i=1

-nGM2+2ZGM (MG +GA Z
i=1 i=

=nGM?+2), GM - MG + ZMA%..
i=1 i=1

Therefore, 7_ ,GA% = L"_, MA? — nGM?>. Substituting this into (2) and changing the
index of summation,

ZBkM> ( Y (AM)” )( Xn:AkMz).

k=1 k=1

Applying the arithmetic-harmonic mean inequality,

n n -1 n
ZBkMZn( ZAkM) (ZAkMz).
k=1 k=1 k=1
Finally, Schwartz’s inequality implies that

n n -1 n
1
ZBkMzn(ZAkM) (Z‘,A M) =Y A M.
k=1 k=1 k=1 k=1

Also solved by Con Amore Problem Group (The Netherlands), Nick Lord (England), and the proposer.

Murray S. Klamkin notes that a more general version of this problem appears in Crux Mathematicorum,
1086, Vol. 13 (1987), 100-102.

Limit of Complex Numbers December 1993

1436. Proposed by Randall K. Campbell-Wright, University of Tampa, Tampa,
Florida.

Suppose that (z,)7_, is a bounded sequence of complex numbers and that
lim, @, =1. If k is a positive integer such that lim, _, (2, — @,%,,:) = B, prove

that 8 =0.

L. Solution by Nick Lord, Tonbridge School, Kent, England.

By the Bolzano-Weierstrass Theorem, there is a subsequence (z,)7_; that con-
verges; say z, —2z as i— . Since z, +x =B as i >, we deduce that
B4k 2R3 B.

Applying the same argument to z,, ,x — @, 4%, 4ok = B we see that z, , o, >z —
2B and, inductively, that z, ., —z—rB for r=3,4,5,... . But this contradicts the
fact that (z,)7_, is bounded unless B = 0.

II. Solution by Michael Golomb, Purdue University, Lafayette, Indiana.

Since (z,,)%_; is bounded and lim,, _, (1 — ,) = 0, we have lim, (1 —a,)z, ;=
0. Then, from lim, (2, —a,2,.;) =B it follows that lim,_ .z, —%,)= —PB.
Hence,

" ﬂl

Zox=2%,—B+w,,  where limw,=0.

n-—» 00
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Thus, for any positive integer m,

m—1

m—1
zn+mk=zn_mB + Z wm+jk’ |zn+1nk _znl Zmlﬁl - Z |wn+jk|' (*)
j=0 j=0

Now suppose |B8| = b > 0. Then choose N so large that |w,| <b/2 for n > N, thus
L wy |l <mb/2. Then by (%), lzy ., — 2yl =mb /2. Since this holds for all
positive integers m, we have a contradiction to the supposition that (z,)7_, is
bounded. We must conclude that 8 =0.

Addendum. Set z,—a,z, . = B,. The assertion lim, _, B, = 0 is valid also if the
critical hypothesis of the existence of lim, B, is replaced by the much weaker
condition that B, € B for all sufficiently large n, where B is a wedge in C with vertex
at 0 and argument less than 7/2 in absolute value, provided that the condition
lim, ,{1—a,)=0is replaced by X7_,|1 —a,| <.

For the proof of this, we may assume without loss of generality,

B,€Bforn=12,...; B={z€C:|arg(z)|<m/2-8,0<8<m/2}.

For any positive integer m, we have

m—1 m—1
B T Rpmk = Z Bn+jk_ Z (1 _an+jk)zn+(j+l)k?
j=0 =0

m—1

m—1
|Re(2, = 2pimi) |2 2 Re(B,ij) — 1SUP 12 4] )y 11—a, il
j=0

<j<m j=0

This inequality shows that (z,)7_, cannot be bounded unless the sum of nonnegative
terms X7_, Re(B,, . ;) is convergent. Thus we conclude that lim,, _, ,Re(B,, ,,.1) =0.
Since this is true for n =1,2,...,m — 1, we conclude that Re(,) = 0. By hypothesis,
z, € B, so |Im(B,)| < (cot 8)Re(B,), and thus lim, B, = 0.

Also solved by Michael H. Andreoli, Walter Blumberg, Con Amore Problem Group ( Denmark), James P.
Crawford, Furman University Problem Solving Group, K. P. Hart (The Netherlands), Richard Heeg, Ben
Jacobs, Kee-Wai Lau (Hong Kong), O. P. Lossers (The Netherlands), Andreas Miiller (Switzerland), F. C.

Rembis, Heinz-Jiirgen Seiffert (Germany), John S. Sumner, Nora S. Thornber, A. N. 't Woord (The
Netherlands), Wyoming Problem Circle, and the proposer.

Converse of Eisenstein Criterion December 1993

1437. Proposed by Yuanan Diao, Kennesaw State College, Marietta, Georgia.

Let Q[x] and Z[x] be the polynomial rings over the rational numbers and integers
respectively. If f(x)=a,x"+a,_x" '+ -+ +a;x + a, € Z[x] satisfies the Eisen-
stein Criterion, i.e., there is a prime integer p such that p ta,,pla;,, 0<i<n-—1,
and p®+a,, then f(x), hence af(bx +c), is irreducible in Q[x] for any rational
numbers a, b, c, where ab # 0. Prove or disprove the converse: If f(x)< Q[x] is
irreducible, then there exist rational numbers a, b, ¢, (ab # 0) such that af(bx +¢) €
Z[x] and satisfies the Eisenstein Criterion.

Solution by Nick Lord, Tonbridge School, Kent, England.

The converse is false, for consider the irreducible polynomial f(x)=x2+ 4.
Reducing fractions to lowest form, we see that g(x) = Af(Bx + C) € Z[x], A,B,C € Q,
if, and only if, it can be written in the form

g(x) = ab*x*+ 2abcx + a(c® + 4d?) a,b,c,deZ.
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Suppose that Eisenstein’s criterion with prime p “works” on g(x). Then p + ab?,
so that p + a and p + b. Further, p|2¢ and p|(c? + 4d?), and p> 4 (c? + 4d?).

Now, either p =2, in which case from p|(c? + 4d?) we see that ¢ is even and
hence p?|(c?+ 4d?), a contradiction to Eisenstein’s hypothesis, or p > 2, in which
case plc and, from p|(c?+ 4d?), we also have pld, so that p?|(c*+ 4d?), again a
contradiction to Eisenstein’s hypothesis.

We conclude that Af(Bx + C) does not satisfy the Eisenstein Criterion for any
rational numbers A, B, C, where AB # 0.

Also solved by Con Amore Problem Group (The Netherlands), O. P. Lossers (The Netherlands), David
E. Manes, A. N. 't Woord (The Netherlands), and the proposer. Other counterexamples were x> —x — 1,
x3+x+1, and x>+ 9.

Answers

Solutions to the Quickies on page 385.

A826. The first integral equals the area in the first quadrant bounded by the x and y
axes and the curve

(y*+x"seca)’=1+x* tan’a,
which simplifies to
Y2 +2y°x"seca +x2" =1.
Since the mirror image of the latter curve across the x =y line is
y2r+ 2y x*seca+x2° =1,
the two integrals are equal in value.
A827. Use the second set of identities to rewrite the first set as
apg=l-a;—a;_,,=l-s+ta,,,
where s =a,; + a, + ag,. Then a,,a5,a4 = 6,504,045, if, and only if,
apasay =(1—s+a,)(1-s+ay)(l—s+ay).
Since all factors are positive, the latter equality holds if, and only if, s = 1.

A828. The point is that characterized by the Mean Value Theorem. Let A = (a, f(a)),
B = (b, f(b)), and C = (c, f(¢)) for any ¢ € (a, b). We wish to minimize the total area
between f(x) and chords AC and BC, and this amounts to maximizing area AABC.
Since the base |AB]| is constant, this occurs when the triangle’s height is maximized,
that is, when f’(c) = slope of AB.
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PAUL ). CAMPBELL, editor
Beloit College

Assistant Editor: Eric S. Rosenthal, West Orange, NJ. Articles and books are selected for this
section to call attention to interesting mathematical exposition that occurs outside the main-
stream of the mathematics literature. Readers are invited to suggest items for review to the
editors.

Cipra, Barry, What’s Happening in the Mathematical Sciences, vol. 2, American Mathe-
matical Society, 1994; 52 pp, $8 (P) (discounts for quantity orders, down to $4 each for 50
or more). ISBN 0-8218-8998-2.

Beautifully illustrated vignettes of 10 developments in mathematics over the past year or
two, treating Fermat’s Last Theorem, knots, compact waves, medical imaging, wavelets,
random algorithms, soap bubbles, nonlinear codes, Latin rectangles, and the Seifert con-
jecture on vector fields. The writing is easy to read, and this booklet vividly conveys that
mathematics is a living science with exciting developments taking place. (Note: You may
already order copies of next year’s volume, due out September 1995 at this year’s prices.)

Hales, Thomas C., The status of the Kepler conjecture, Mathematical Intelligencer 16 (3)
(1994) 47-58.

In 1990, Wu-Yi Hsiang (University of California—Berkeley) claimed to have proved that
the optimal packing of spheres in 3-space is the face-centered cubic packing. This article
reviews Hsiang’s preprint and its revisions and notes that many experts have concluded
that “his work does not merit serious consideration.”

Berlekamp, Elwyn, and David Wolfe, Mathematical Go: Chilling Gets the Last Point, A
K Peters, 1994; xx + 235 pp, $29.95. ISBN 1-56881-032-6. Also available in paperback
as Mathematical Go Endgames: Nightmares for the Professional Go Player, Ishi Press
International, 0—923891-36-6.

Many mathematicians know how to play Go, whose nature and rules are distinctly geo-
metrical. More so than chess, Go would seem susceptible to fruitful mathematical analysis.
This volume investigates positions in the endgame and applies combinatorial game theory
to them. It also includes a discussion of the variety of rules under which the game has
been played. Although “Go players can find quicker ways to improve their game” and “the
most the reader can hope for is to get stronger by a single point,” this book may mark the
beginning of further mathematical analysis of Go and greater attention to combinatorial
game theory.

Peterson, Ivars, Beating a fractal drum: How a drum’s shape affects its sound, Science
News 146 (17 September 1994) cover, 179, 184-185. '

How much can you tell about a drum from listening to it? From the spectrum of normal
modes of vibration of the drum, you can “hear” the drum'’s area, perimeter, and number
of holes—but not its geometrical shape. That drums of different shapes may have identical
spectra was proved by mathematicians in 1991 but has now been tested experimentally by
physicists. Experiments showing that convoluted boundaries dampen vibrations have in
turn led mathematicians to investigate “fractal drums,” ones with fractal boundaries.

391
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Golomb, Solomon W., Polyominoes: Puzzles, Patlterns, Problems, and Packings, 2nd ed.,
Princeton University Press, 1994; xii 4+ 184 pp, $24.95. ISBN 0-691-08753-0.

Polyominoes are connected planar arrays of squares, some of which are joined along their
edges. This new edition of the 1965 classic book on the subject includes two new chapters,
on tiling rectangles and on “truly remarkable” results, and 12 unsolved problems recom-
mended for “readers’ research.” What’s missing in this edition is—too bad!—the set of blue
plastic pentominoes that came with the first edition.

Zaslavsky, Claudia, Fear of Math: How to Get Over It and Get On with Your Life, Rutgers
University Press, 1994; x + 264 pp, $37, $14.95 (P). ISBN 0-8135-2090-8, 0-8135-2099-1.

With a broader approach than most “math anxiety” books, this one identifies sources
and causes of negative feelings toward mathematics, suggests how to change attitudes,
and provides lists of resources. Importantly, it stresses to the reader why it is important to
overcome phobias of mathematics, citing examiples of misuses of mathematics and statistics.

Paul, Richard, Critical Thinking: What Every Person Needs to Survive in a Rapidly Chang-
ing World, 2nd ed., Foundation for Critical Thinking (4655 Sonoma Mountain Road, Santa
Rosa, CA 95404), 1992; xvi + 673 pp, $19.95 (P). ISBN 0-944583-07-5.

Many U.S. colleges and universities have some form of “quantitative reasoning” gradua-
tion requirement, however eclectically or weakly defined. As accrediting boards of U.S.
higher-education institutions force colleges to focus on assessment of student outcomes,
the nature of such a requirement—and what results it produces—will come under close
scrutiny. Students not too anxious about math usually satisfy such a requirement by tak-
ing a minimal mathematics course, thereby bolstering enrollment and low-level employment
in the mathematics department. A growing trend, however, is to broaden, supplement, or
replace such a requirement with one in critical thinking. St. John's University (Minnesota)
has even founded an endowed chair in the subject. Less catchy but more descriptive than
author Paul’s definition is the one used as the basis for the California State University
requirement: Critical thinking is “the ability to analyze, criticize, and advocate ideas, to
reason inductively and deductively, and to reach factual or judgmental conclusions based
on sound inferences drawn from unambiguous statements of knowledge or belief.” This
book is a compendium of Paul’s essays on the nature of critical thinking and how to
teach for it; his foundation also publishes handbooks and videotapes on teaching strategies,
and sponsors regional workshops and an annual conference. As far as I can tell—there is
no index—mathematics and statistics are not mentioned at all in this book. What role
can/should/will mathematics—and college mathematics faculty and departments—have in
moving students to better critical thinking? (Note: The third edition has just appeared.)

Grattan-Guinness, I. (ed.), Companion Encyclopedia of the History and Philosophy of the
Mathematical Sciences, Routledge, 1994; 2 vols., xxiv + 1806 pp. ISBN 0-415-03785-9.

This two-volume set is an extraordinary endeavor, a joy to dip into and read around for a
while. More than 180 essays, by almost as many authors, treat various mathematical and
epimathematical topics. By intention, the essays terminate at some time between the two
World Wars, and there are no biographical articles. The articles are not overly technical,
but faithfully serve the purpose of providing introductions to branches of the history of
mathematics. Apart from the areas of pure mathematics and periods of history that you
would expect, one of the 13 sections is devoted to each of mechanics, mathematical physics,
probability and statistics, and institutions of higher education in various countries.
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Adler, Jerry, The numbers game, Newsweek (25 July 1994) 56-58.

Do 22% of Americans believe that the Holocaust may not have happened—or is it less
than 1%? Are 600,000 Americans homeless, or 2.5 million? Are 50,000 American children
abducted by strangers each year—or is it 5,000? Each year, are 4 million American women
assaulted by a “domestic partner”—or is it 2 million? or 16 million? Many statistics come
from sources “less interested in precisely measuring a given problem than in showing that
it’s even worse than anyone thought ... Advocacy groups tend to consider questions about
their statistics as tantamount to an attack on their goals”—and may deliberately inflate
statistics to advance their cause. Meanwhile, what about the folks who bring you the
numbers? “[JJournalists ... consider their job done when they find a number that can be
attributed to a credible source.” This article totally wimps out at the end, with the weak
suggestion that “it would be better if journalists were more skeptical of statistics” and the
ridiculous claim that the data are irrelevant anyway.

Maor, Eli, e: The Story of a Number, Princeton Univ. Pr., 1994; xiv + 223 pp, $24.95.
ISBN 0-691-03390-0. Maor, Eli, The story of e, The Sciences (July/August 1994) 24-29.

Pi regularly has its day, and its appeal is almost universal; but e tends to be encountered
only by the more limited audience who study precalculus. Hence what a delight it is at last
to see a book (plus a derivative article) devoted to e: its rich history; its manifestations in
geometry, number theory, trigonometry, and calculus; and its applications in logarithms,
exponential growth and decay, and logarithmic scales.

Cannell, D.M., George Green: Mathematician and Physicist 1793-1841; The Background
to His Life and Work, Athlone Press, 1993; xxxvi + 255 pp, $70. ISBN 0-485-11433-X.
Cannell, D.M., and N.J. Lord. George Green, mathematician and physicist 1793-1841.
Mathematical Gazette 66 (1993) 26-51.

George Green's name is known to students of vector calculus, but they are unlikely to know
that he was a miller by trade and a self-taught genius who did his best work before going to
university at age 40. The book (from which the article is adapted) gives a pleasant tale of
his life and circumstances and includes an account (by M.C. Thornley) of his mathematics.

Soifer, Alexander, Colorado Mathematical Olympiad: The First 10 Years and Further Ez-
plorations, Center for Excellence in Mathematical Education (858 Red Mesa Dr., Colorado
Springs, CO 80906); x + 188 pp, $19.95 (P). ISBN 0-940263-03-3.

This book, by a former judge of the Soviet Union Mathematical Olympiad, offers not only
the problems and solutions from the first 10 years of the Colorado Mathematical Olympiad,
but also a history of how he founded the contest (with lots of help!), photos of some of the
winners, and 40 pages of further mathematical explorations inspired by the problems. In
particular, the mathematics may only be beginning when the contest ends.

Passell, Peter, The law as the free market’s rogue: Hostage to the Prisoner’s Dilemma, New
York Times (25 March 1994) (National Edition) B12.

Suppose that you're in a dispute over money. Data show that hiring a lawyer increases your
expected payoff; similarly, hiring a lawyer increases your opponent’s expected payoff. So
you both hire lawyers, who then take a big chunk of the disputed amount, leaving less for
both winner and loser of the dispute. The incentive for both to engage in noncooperative
behavior is typical of the Prisoner’s Dilemma, and some law school professors are beginning
to interpret behavior of clients and lawyers in terms of that archetype of game theory.


http://www.jstor.org/page/info/about/policies/terms.jsp

NEWS AND LETTERS

ACKNOWLEDGEMENTS

In addition to our associate editors,
the following have assisted the
" MAGAZINE by refereeing papers during
the past year. We appreciate the time
and care they have given.

'Adams, William, University of Maryland, College
Park

Alexander, James C., University of Maryland,
College Park

Andrews, George E., Pennsylvania State
University,- University Park

Bailey, Donald F., Trinity University

Barbeau, Edward J., University of Toronto

Bassein, Susan, Mills College

Bauman, Steven, University of Wisconsin,
Madison

Benjamin, Arthur, Harvey Mudd College

Benson, Steve, Santa Clara University

Bivens, Irl C., Davidson College

Boules, Raouf, Towson State University

Burton, David, University of New Hampshire,
Durham

Casey, Stephen D., The American University

Crowe, Donald, University of Wisconsin, Madison

Cundy, H. Martyn, Kendal, Cumbria, England

Delany, James, California Polytechnical State
University

Dodge, Clayton, University of Maine, Orono

Dunham, William W., Muhlenberg College

Faires, Barbara, Iffley, Oxford, England

Faires, J. Douglas, Iffley, Oxford, England

Fischer, Ismor, University of Wisconsin, Madison

Flanders, Harley, University of Michigan, Ann
Arbor

Fredricks, Gregory, Lewis and Clark College

Gerstein, Larry, University of California, Santa
Barbara

Ghahramani, Saeed, Towson State University

Gillman, Leonard, University of Texas at Austin

Goodson, Geoffrey, Towson State University

Grant, John, Towson State University

Green, Judy, Marymount University

Grimaldi, Ralph P., Clemson University

Growney, Joanne, Bloomsburg University

Griinbaum, Branko, University of Washington

Guy, Richard, University of Calgary

Hager, Anthony, Wesleyan University, CT

Hall, Leon, University of Missouri at Rolla

Hatcher, Rhonda, Texas Christian University

Hilton, Peter, SUNY at Binghamton

Hodges, Laurent, lowa State University

Hoehn, Larry, Austin Peay State University

Horak, Martin, Towson State University

394

Horn, Roger A., The University of Utah

Jones, Dan, Towson State University

Jones; Sharon, Towson State University

Katz, Victor J., University of the District of
Columbia

Kimberling, Clark H., University of Evansville

Klamkin, Murray S., University of Alberta

Kung, Sidney, Jacksonville University

LaDuke, Jeanne, DePaul University

Larson, Suzanne, Loyola Marymouns University

Lercher, Bruce, SUNY at Binghamton

Lindstrom, Peter, North Lake College

Liu, Andrew, University of Alberta, Edmonton

Markham, Elizabeth, St. Joseph'’s College

Maurer, Stephen B., Swarthmore College

McCleary, John, Vassar College

Michaels, John G., SUNY, College at Brockport

Millett, Kenneth C., University of California,
Santa Barbara

Monroe, Laura, The University of lllinois at
Chicago

Morris, Brent, Columbia, MD

Nelsen, Roger B., Lewis & Clark College

Nunemacher, Jeffrey L., Ohio Wesleyan
University

Nutt, Michael D., Acadia University

Page, Warren, New York City Technical College

Pedersen, Jean, Santa Clara University

Pfiefer, Richard, San Jose State University

Plank, Donald, Stockton State College

Richter, Bruce, Carleton University

Rosenstein, George, M., Franklin and Marshall
College

Ross, Sharon C., DeKalb Community College, GA

Rudin, Mary Ellen, University of Wisconsin,
Madison

Schattschneider, Doris M., Moravian College

Schaumberger, Norman, Hofstra University

Scheinerman, Ed, The Johns Hopkins University

" Schulz, William, Northern Arizona University

Segal, Sanford, University of Rochester

Senechal, Lester, Mount Holyoke College

Sherman, Gary, Rose-Hulman Institute of
Technology

Smith, David A., Duke University

Sohrab, Houshang, Towson State University

Sokolowsky, Daniel, Williamsburg, VA

Stein, Sherman K., University of California,
Davis

Stern, Leonid, Towson State University

Stone, Arthur H., Northeastern University

Tucker, Alan, SUNY at Stony Brook

Tucker, Thomas W., Colgate University

Wagon, Stan, Macalester College


http://www.jstor.org/page/info/about/policies/terms.jsp

VOL. 67, NO. 5, DECEMBER 1994

395

Wardlaw, William, U.S. Naval Academy

Watkins, William, California State University,
Northridge

Weiss, Joan P., Fairfield University

Wetzel, John E., University of lllinois, Urbana
Wilf, Herbert, University of Pennsylvania
Zimmerman, Jay, Towson State University
Zorn, Paul, St. Olaf College

INDEX TO VOLUME 67

AUTHORS

Ajose, Sunday A. and Roger B. Nelsen, Proof
without Words: Geometric Series, 230.

Albertson, Michael O., People Who Know
Feople, 278-281.

Badger, Lee, Lazzarini’s Lucky Approximation of
x, 83-91.

Bailey, Herbert R., Hiding Path, The, 40-44.

Beauzamy, Bernard, Per Enflo, and Paul Wang,
Quantitative Estimates for Polynomials in One
or Several Variables, 243-257.

Belcastro, Sarah Marie and Gary J. Sherman,
Counting Centralizers in Finite Groups,
367-374.

Broman, Arne and Lars Broman, Museum
Exhibits of the Conics, 206-209.

Broman, Lars see Broman, Arne.

Burns, Anne, Convolutions and Computer
Graphics, 258-267.

Campbell, Douglas C. and John Higgins,
Mathematical Certificates, 21-28.

Carter, Larry and Stan Wagon, Proof without
Words: Fair Allocation of a Pizza, 267.

Chilaka, James O., Proof without Words: Sum of
Products of Consecurive Integers, 365.

Clark, Dean, How Expected is the Unexpected
Hanging?, 55-58.

Coble, Scott, Proof without Words: An Efficient
Trisection of a Line Segment, 354.

Diamond, Harvey and Louise Raphael, 4
Comparison of Two Elementary Approximation
Methods, 359-364.

Dudley, Underwood, Smith Numbers, 62-65.

Eddy, R.H. and R. Fritsch, The Conics of Ludwig
Kiepert: A Comprehensive Lesson in the
Geometry of a Triangle, 188-205.

Enflo, Per see Beauzamy, Bernard.

Erickson, Martin, An Introduction to
Combinatorial Existence Theorems, 118-123.

Fischer, Ismor, Sums of Like Powers of
Muiltivariate Linear Forms, 59-61.

Fleron, Julian, A Note on the History of the
Cantor Set and Cantor Function, 136-140.

Francis, Richard L., Math Bite: Pictures,
Projections, and Proverbs, 28.

Fritsch, R. see Eddy, R.H.

Georgakis, Constantine, A Note on the Gaussian
Integral, 47.

Gilbert, George T. and PRhonda L. Hatcher,
Wagering in Final Jeopardy!, 268-277.

Gluchoff, Alan D., Trigonometric Series and
Theories of Integration, 3-20.

Golomb, Solomon W., A Powerful Procedure for
Proving Practical Propositions, 383.

Gopalan, M. A. and V. Ravichandran, Note on the
Evolution of k= , 53-54.

Gupta, R.C., On Linear Difference Equations with
Constant Coefficients: An Alternative 1o the
Method of Undetermined Coefficients, 131-135.

Hajja, Mowaffaq, Advanced Calculus Approach to
Finding the Fermat Point, An, 29-34.

Harborth, Heiko and Meinhard Moller, Minimum
Integral Drawings of the Platonic Groups,
355-358.

Hatcher, Rhonda L. see Gilbert, George T.

Higgins, John see Campbell, Douglas C.

Houston, David, Proof without Words:
Pythagorean Triples via Double-Angle
Formulas, 187.

Hlner, Reinhard, Formal Justice and Functional
Equations, 214-219.

Jeffrey, D.J., The Importance of Being
Continuous, 294-300.

Jiang, Hao and Jeffrey Nunemacher, On Length
and Curvature, 375-376.

Kennedy, Stephen F. and Matthew W. Stafford,
Coin Flipping, Dynamical Systems, and the
Fibonacci Numbers, 380-382.

Kiltinen, John O., How Few Transpositions
Suffice?...You Already Know!, 45-46.

Kimberling, Clark, Central Points and Central
Lines in the Plane of a Triangle, 163-187.

Kitchen, Edward, Dérrie Tiles and Related
Miniatures, 128-130.

Kung, Sidney H., Proof without Words: The
Volume of Hemisphere via Cavalieri’s Principle,
302.

Lang, Patrick see Teets, Donald.

Litchfield, Kay P., Proof by Game, 281.

Liu, Jiugiang and Allen J. Schwenk, Remarks on
Problem B-3 on the 1990 William Lowell
Putnam Mathematical Competition, 35-39.

Macula, Anthony J., Covers of Finite Set,
141-144.

Mayfield, M. Elizabeth, Perturbation of a
Tridiagonal Stability Matrix, 124-127.

Miller, Mark A., Mortality for Sets of 2x2
Matrices, 210-213.

Moller, Meinhard see Harborth, Heiko.

Needham, Tristan, The Geometry of Harmonic
Functions, 92-108.


http://www.jstor.org/page/info/about/policies/terms.jsp

Research Issues in
Undergraduate

Mathematics Learning
Preliminary Analyses and Reports

James J. Kaput and
Ed Dubinsky, Editors

Research in undergraduate mathematics edu-
cation is important for all college and university
mathematicians. If our students are to be more
successful in understanding mathematics, then
college faculty need to understand how math-
ematicsislearned. This knowledge can guide us
in curriculum reform and in improving our own
teaching. It can help us make mathematics
accessible to all students and it can increase the
number of graduate students in mathematics.

This volume of research in undergraduate
mathematics education informs us about the
nature of student learning in some of the most
important topics in the undergraduate curricu-
lum: sets, functions, calculus, statistics, abstract
algebra and problem solving. Paying careful
attention to the trouble students have in learn-
ing mathematics will help us to work with stu-
dents so they can deal with those difficulties.

A survey of the literature begins the volume.
Becker and Pence have brought together an
unusually complete list of references on research
in collegiate mathematics. Their comments will
guide those attempting to begin or to continue
a program of research in student learning.

The sad fact that even good calculus students
stumble over nonroutine problemsis the theme
of Selden, Selden, and Mason. Their conclu-
sions point to significant shortcomings in the
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continued by Ferrini-Mundy and Graham who
investigate a single student’s interactions with
the fundamental concepts of the calculus.
Baxter studies a group of students to learn how
they acquire the concept of set, while Cuoco
does the same for the concept of function.

Cooperative learning does help the student.
Thatis the conclusion of Bonsangue, who inves-
tigates how two carefully matched classes of
studentsin a statistics course perform on exams.
How students learn to write proofs in group
theory is the subject considered by Hart.
Rosamond breaks new ground by comparing
how emotions vary in their effect on the prob-
lem solving ability of novices and experts.

All college faculty should read this book to
find how they can help their students learn
mathematics.
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A FIRST COURSE OF
COLLEGIATE MATHEMATICS

by Joseph B. Dence & Thomas F. Dence

OrigEd. 1994 376 pp.

$49.95

ISBN 0-89464-592-7

This new-focus text is intended for all students in their freshman year of college
who do not need remedial work in high-school mathematics. Both formal demon-
strations and problem solving with extensive applications to the physical sciences
are stressed throughout. Use of the microcomputer as a working tool is also
emphasized throughout the book. This text would be useful in courses such as

General College
Mathematics,
Introduction to
Mathematical
Thinking, and
‘Pre-Calculus.

Domestic orders add $5.00 for first book, $1.50 each additional for shipping. Foreign shipping costs available upon request.

— Ask for our FREE Mathematics/Computer Science Catalog —

KRIEGER PUBLISHING COMPANY
P. O. Box 9542, Melbourne, FL 32902-9542
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Visualization in Teaching and
Learning Mathematics

Walter Zimmermann and
Steve Cunningham, Editors

Buy this book. Ifyou can’t buy it, have the library order
it. Ifthe library won 't order it, ask to borrow a copy from
a friend. But do read this book.

—The Mathematics Teacher

High school, community college, and university teach-
ers who use or are interested in using graphics to teach
calculus, deductivereasoning, functions, geometry, or
statistics will find valuable ideas for teaching... A
must for every college or university library with a
mathematics department.—CHOICE

The twenty papers in this book give an overview
of research, analysis, practical experience, and
informed opinion about the role of visualization
in teaching and learning mathematics, espe-
cially at the undergraduate level. Visualization

progress in computer graphics has generated a
renaissance of interest in visual representations
and visual thinking in mathematics.

230 pp., Paperbound, 1991
ISBN 0-88385-071-0

List: $24.00
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